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I/Q Imbalance Aware Widely-Linear Receiver
for Uplink Multi-Cell Massive MIMO Systems
Shahram Zarei, Wolfgang Gerstacker, Jocelyn Aulin, and Robert Schober
Abstract
In-phase/quadrature-phase (I/Q) imbalance is one of the most important hardware impairments
in communication systems. It arises in the analogue parts of direct conversion radio frequency (RF)
transceivers and can cause severe performance losses. In this paper, I/Q imbalance (IQI) aware widely-
linear (WL) channel estimation and data detection schemes for uplink multi-cell massive multiple-input
multiple-output (MIMO) systems are proposed. The resulting receiver is a WL extension of the minimum
mean square error (MMSE) receiver and jointly mitigates multi-user interference and IQI by processing
the real and the imaginary parts of the received signal separately. The IQI arising at both the base station
(BS) and the user terminals (UTs) is then taken into account. The considered channel state information
(CSI) acquisition model includes the effects of both estimation errors and pilot contamination, which
is caused by the reuse of the same training sequences in neighboring cells. We apply results from
random matrix theory to derive analytical expressions for the achievable sum rates of the proposed IQI
aware and conventional IQI unaware receivers. Our simulation results show that the performance of the
proposed IQI aware WLMMSE receiver in a system with IQI is close to that of the MMSE receiver in
an ideal system without IQI. Moreover, our results for the sum rate of the IQI unaware MMSE receiver
reveal that the performance loss due to IQI can be large and, if left unattended, does not vanish for
large numbers of BS antennas.
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I. INTRODUCTION
MULTIPLE-input multiple-output (MIMO) techniques have become a central part ofmodern communication systems such as Long Term Evolution (LTE) and WiMAX. With
MIMO technology, high throughput and transmission reliability can be achieved. An emerging
research field in wireless communications are so-called massive MIMO systems [1], [2]. Massive
This paper will be presented in part at ISWCS 2015, Brussels, August 2015.
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MIMO systems employ a large number of antennas, e.g. one hundred antennas or more at the
base station (BS), and can achieve very high spectral and energy efficiencies [3]. Moreover,
in massive MIMO systems, the transmit power of the BS and the user terminals (UTs) can be
decreased by increasing the number of antennas at the BS [3]. These and other desirable features
render massive MIMO a promising technology for future wireless communication systems. In
this paper, we consider the uplink of a multi-cell massive MIMO system. In an uplink single-
cell massive MIMO system, which embodies a multiple access channel (MAC), successive
interference cancellation (SIC) is the optimal detection scheme [4]. Nevertheless, since SIC is not
feasible in most practical systems due to its high computational complexity, linear detectors such
as matched filter (MF) and minimum mean square error (MMSE) detectors are often preferred
as they provide a good trade-off between performance and complexity [2], [3].
However, hardware (H/W) impairments, which exist in all practical systems, can severely
degrade the performance of linear detectors. One of the most important H/W impairments in
digital communication systems is in-phase/quadrature-phase (I/Q) imbalance, which arises in
direct conversion transceivers [5]. In such systems, the real and imaginary parts of the received
RF signal are mixed with the high-frequency carrier signal and its 90◦ phase-shifted version,
respectively, to produce the baseband signal. Ideally, the phase difference between the carrier
signal and its phase-shifted version is exactly 90◦ and the mixers for the real and the imaginary
part have the same amplitude gain. However, in practical systems, both amplitude and phase
mismatches between the real and imaginary parts occur, which leads to an I/Q imbalance (IQI)
in each antenna branch at the base station and in the RF chain of each UT, and impair the
received data vectors [6], [7]. Thus, for reliable detection, besides the mitigation of multi-user
interference, IQI compensation is necessary as well. One approach to overcome the negative
effects of IQI is to measure and compensate the individual IQIs in each antenna branch. However,
this solution becomes very costly in massive MIMO systems, where the BS may be equipped
with several hundred RF chains. Another approach, which we consider in this paper, is joint
data detection and IQI mitigation. In this case, the equivalent channel, which comprises the
actual channel and the IQI, is estimated at the BS. For this estimation, we exploit the received
training sequence and the channel statistics which also include the effect of IQI. The detection
matrix is then constructed based on this equivalent channel estimate and can be used for joint data
detection and IQI mitigation. To the best of the authors’ knowledge, the problem of joint channel
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estimation, data detection, and IQI mitigation for uplink multi-cell massive MIMO systems has
not been investigated yet.
Recently, a WLMMSE beamformer for systems with IQI has been proposed in [8]. Here,
the authors propose a beamforming scheme, where a multi-antenna receiver suffering from IQI
detects signals coming from a specific direction while suppressing signals arriving from other
directions. Another related work is [9], where the authors propose a detection scheme for uplink
single-cell multi-user-MIMO (MU-MIMO) systems impaired by IQI. In [10], the authors model
the residual H/W impairments, which remain after compensation, in massive MIMO systems as
an additive Gaussian impairment and derive a capacity bound. Moreover, in our recent work
[11], we have proposed an IQI aware precoder for downlink single-cell massive MIMO systems
assuming perfect CSI and IQI present only at the BS. Another recent work is [12], where the
authors consider the uplink of a single-cell massive MIMO system with IQI present only at the
BS. In this paper, we propose a widely-linear MMSE (WLMMSE) receiver for CSI acquisition
and data detection in an uplink multi-cell massive MIMO system, where both the BS and the
UTs are impaired by IQI and both the received data and training signals for channel estimation
are affected by IQI. WL filtering was introduced in [13] and is used to estimate complex signals
by filtering the real and imaginary parts separately. Several works have employed WL filtering in
single-user MIMO systems, cf. [14], [15]. WL processing results in a higher performance than
strictly linear processing, if rotationally variant signals are involved, which is the case when IQI
is present. This motivates the use of WL filtering for channel estimation and data detection at
the BS of uplink multi-cell massive MIMO systems suffering from IQI.
In contrast to [8], [9], and [11], where a single-cell system with perfect CSI was considered,
in this paper, a more sophisticated system model is adopted, which includes the effects of multi-
cell interference and CSI imperfection originating from pilot contamination, channel estimation
errors, and IQI. Furthermore, contrary to [12], where a single-cell system with ideal UTs was
considered, our system model includes multi-cell interference and takes IQI at both the UTs and
the BSs into account. Moreover, as opposed to [10], where the residual H/W impairments were
modelled by an additional additive Gaussian noise term and a non-augmented system model
was employed, we adopt an augmented system model, which is essential for the analysis and
mitigation of IQI. In addition, we use results from random matrix theory and provide analytical
results for the sum rate performance of the proposed IQI aware (IQA) and conventional IQI
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unaware (IQU) receivers.
This paper is organized as follows. In Section II, the system model is presented. In Section
III, the conventional IQU-MMSE receiver is investigated and an analytical expression for its sum
rate in the presence of IQI is derived. In Section IV, we introduce the proposed IQA-WLMMSE
receiver, and present an analytical expression for the corresponding sum rate. Numerical results
are provided in Section V, and conclusions are drawn in Section VI.
Notation: Boldface lower and upper case letters represent column vectors and matrices, respec-
tively. blockdiag (Q1, . . . ,QN) is a block diagonal matrix with matrices Q1, . . . ,QN on its main
diagonal. IK denotes the K ×K identity matrix and [A]k,:, [A]:,l, and [A]k,l stand for the kth
row, the lth column, and the element in the kth row and the lth column of matrix A, respectively.
(·)∗ denotes the complex conjugate and det(·), ‖·‖2F, tr(·), (·)T, and (·)H are the determinant,
Frobenius norm, trace, transpose, and Hermitian transpose of a matrix, respectively. ℜ{·} and
ℑ{·} denote the real and imaginary parts of a complex number, respectively. E{·} stands for the
expectation operator and CN (u,Φ) denotes a circular symmetric complex Gaussian distribution
with mean vector u and covariance matrix Φ. Moreover, a.s. stands for almost sure convergence.
II. SYSTEM MODEL
In this paper, we consider the uplink of a multi-cell massive MIMO system with universal
frequency reuse. The number of cells is denoted by L, and in each cell, K single-antenna UTs
simultaneously transmit data to a BS with N antennas. K and N are assumed to be very large
with their ratio β = K/N being constant. Furthermore, we assume a block fading channel.
The channel matrix between the UTs in the lth cell and the BS in the ith cell is denoted
by Hi,l = [hi,l,1 . . .hi,l,K] ∈ CN×K . Here, hi,l,k = Rˇi,l,kνi,l,k ∈ CN×1 is the channel vector
between the kth UT in the lth cell and the BS in the ith cell, where ν i,l,k ∼ CN (0, IN)
and Ri,l,k = E{hi,l,khHi,l,k} = Rˇi,l,kRˇHi,l,k represents the channel covariance matrix. Since the
detection schemes considered in this paper, i.e., IQU-MMSE and IQA-WLMMSE detection,
have fundamentally different structures, we adopt two different representations for the system
model, namely a complex-valued and a real-valued representation, which are presented in the
following subsections.
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A. Complex-Valued Representation
In this subsection, the complex representation of the system model, which is used for the
IQU-MMSE detector, is introduced. The transmitted data symbols of the K UTs in the lth cell
are stacked into a vector, which is denoted by dl = [dl,1, . . . , dl,K]T ∼ CN (0, IK), where dl,k is
the data symbol transmitted by the kth UT in the lth cell. The received signal at the ith BS can
be modeled as
ri = ΨA,i
(
L∑
l=1
√
ρULHi,l (ΞA,ldl+ΞB,ld
∗
l )+zi
)
+ΨB,i
(
L∑
l=1
√
ρULH
∗
i,l
(
Ξ∗A,ld
∗
l+Ξ
∗
B,ldl
)
+z∗i
)
,
(1)
where ρUL denotes the uplink transmit signal-to-noise ratio (SNR), and ΞA,l = diag(ξA,l,1, . . . ,
ξA,l,K) and ΞB,l = diag (ξB,l,1, . . . , ξB,l,K) with ξA,l,k = cos
(
θˇl,k/2
)
+ jǫˇl,k sin
(
θˇl,k/2
)
and
ξB,l,k = ǫˇl,k cos
(
θˇl,k/2
) − j sin (θˇl,k/2) representing the IQI at the kth UT in the lth cell. θˇl,k
and ǫˇl,k denote the phase and amplitude imbalances at the corresponding UT, respectively.
The IQI at the ith BS is modelled by diagonal matrices ΨA,i = diag (ψA,i,1, . . . , ψA,i,N) and
ΨB,i = diag (ψB,i,1, . . . , ψB,i,N), where ψA,i,n = cos (θi,n/2) + jǫi,n sin (θi,n/2) and ψB,i,n =
ǫi,n cos
(
θi,n/ 2
)− j sin (θi,n/2) with θi,n and ǫi,n being the phase and amplitude imbalances at
the nth antenna branch of the ith BS, respectively. If IQI is absent, we have ǫi,n = 0, θi,n =
0, ∀i ∈ {1, . . . , L} , ∀n ∈ {1, . . . , N} and ǫˇl,k = 0, θˇl,k = 0, ∀l ∈ {1, . . . , L} , ∀k ∈ {1, . . . , K}.
zi ∼ CN (0, IN) represents the complex additive white Gaussian noise (AWGN) at the ith BS.
B. Augmented Real-Valued Representation
Since IQI affects the real and imaginary parts of a signal differently, IQA channel estima-
tion and data detection should allow for processing the real and imaginary parts of received
signals individually. Hence, we use an augmented representation for the IQA system model,
where the real and imaginary parts of the signals are stacked together. More precisely, the real
and imaginary parts of the independent and identically distributed (i.i.d.) zero-mean complex
Gaussian transmit data symbols of the K UTs in the lth cell are stacked into the augmented
vector d˜l =
[
d˜l,1, . . . , d˜l,2K
]T
=
[
dTRl d
T
Il
]T ∈ R2K , where dRl = [dRl,1 , . . . , dRl,K]T and
dIl =
[
dIl,1, . . . , dIl,K
]T
contain the real and imaginary parts of the K complex transmit data
symbols in the lth cell, respectively, and E
{
d˜ld˜
T
l
}
= 0.5 I2K . The augmented data vector
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received at the ith BS, r˜i ∈ R2K , from all UTs in the L cells can be expressed as
r˜i =
[
rTRi r
T
Ii
]T
= Ψ˜i
(
L∑
l=1
√
ρULH˜i,lΞ˜ld˜l + z˜i
)
, (2)
where rRi and rIi are the real and the imaginary parts of the received signal ri in (1), respectively.
Here, the augmented real-valued channel matrix H˜i,l is given by

HRi,l −HIi,l
HIi,l HRi,l

 ∈ R2N×2K with
HRi,l and HIi,l being the real and imaginary parts of the complex-valued channel matrix Hi,l =
HRi,l + jHIi,l , respectively. The augmented real-valued vector z˜i =
[
zTRiz
T
Ii
]T ∈ R2N contains
the real and imaginary parts of the complex-valued AWGN vector zi = [zi,1, . . . , zi,N ]T =
zRi + jzIi ∼ CN (0, IN) at the ith BS, respectively. Ψ˜i = ΠΨˇiΠ−1 ∈ R2N×2N models the
IQI at the ith BS. Here, Ψ˜i is a permuted version of Ψˇi = blockdiag (Ai,1, . . . ,Ai,N), where
Ai,n, n ∈ {1, . . . , N}, represents the IQI of the nth RF branch of the ith BS and is given by
[6]
Ai,n =

ℜ{ψA,i,n + ψB,i,n} ℑ {ψB,i,n − ψA,i,n}
ℑ {ψA,i,n + ψB,i,n} ℜ {ψA,i,n − ψB,i,n}

 . (3)
The elements of permutation matrix Π ∈ R2N×2N are defined as
[Π]p,q =


1 if p = 2n− 1, q = n, ∀n ∈ {1, . . . , N} ,
1 if p = 2n, q = n+N, ∀n ∈ {1, . . . , N} ,
0 otherwise.
(4)
This permutation is required, since the stacked received data vector r˜i contains the in-phase
and quadrature-phase components in its upper and lower parts, respectively. Moreover, in (2),
Ξ˜l = ΠˇΞˇlΠˇ
−1 ∈ R2K×2K denotes the stacked IQIs of the K UTs in the lth cell, where the
permutation matrix Πˇ is similarly defined as Π and is obtained by replacing N with K and n
with k in (4). Furthermore, Ξˇl = blockdiag (Ξl,1, . . . ,Ξl,K), where Ξl,k ∈ R2 is the IQI matrix
of the kth UT in the lth cell, which can be expressed as
Ξl,k =

ℜ{ξA,l,k + ξB,l,k} ℑ {ξB,l,k − ξA,l,k}
ℑ {ξA,l,k + ξB,l,k} ℜ {ξA,l,k − ξB,l,k}

 . (5)
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III. IQI UNAWARE MMSE RECEIVER
In this section, as a performance benchmark, the sum rate of a conventional IQU-MMSE
receiver comprising an IQU-MMSE channel estimator and an IQU-MMSE data detector is
investigated in the presence of IQI. For IQU estimation and detection, we adopt the conventional
MMSE estimator and detector, respectively, which are not designed for IQI mitigation.
A. Channel Estimation
In this subsection, channel estimation for an IQU system in the presence of IQI is presented.
For channel estimation, at the beginning of every coherence interval, training sequences are
transmitted by all UTs to their serving BS. Due to the limited length of the coherence interval,
there are not enough orthogonal training sequences for all UTs in all cells. Hence, UTs with
the same index in different cells use the same training sequence [16]. This leads to a corrupted
channel estimate and this effect is known as pilot contamination in the massive MIMO literature
[16]. Since we consider full pilot reuse, when pilot contamination is present, UTs having the same
index k in different cells employ the same training sequence xk ∈ RT×1, where T is the length
of the training sequence. The received training signal at each BS is multiplied by the original
transmitted training sequence to eliminate the interference caused by other UTs. Considering
(1), and the orthonormality of the training sequences, i.e., xTkxk = 1, xTkxj = 0, k 6= j, we have
the following expression for the received training sequence of the kth UT in the ith cell
yi,k =Yixk = ΨA,i
( L∑
l=1
√
ρTRhi,l,k
(
ξA,l,k + ξB,l,k
)
+ wˇi
)
+ΨB,i
( L∑
l=1
√
ρTRh
∗
i,l,k
(
ξ∗A,l,k+
ξ∗B,l,k
)
+ wˇ∗i
)
, (6)
where Yi ∈ CN×T is the received training signal at the ith BS. Here, ρTR is the transmit training
signal-to-noise ratio (SNR) and wˇi =Wixk ∼ CN (0, IN), where Wi ∈ CN×T is the AWGN at
the ith BS during the training period. In this paper, for IQU channel estimation, we assume that
the estimator tries to estimate gi,i,k = ξA,i,kΨA,ihi,i,k as the desired channel between the kth UT
in the ith cell and the ith BS. Since the IQU estimator does not process the real and imaginary
parts of the received training sequence separately, it can consider only one component, i.e.,
ξA,i,kΨA,ihi,i,k of the equivalent channel vector. We note that with the conventional complex-
valued system model, which is assumed for the IQU-MMSE estimator, it is not possible to fully
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model the equivalent channel vector, which comprises both the actual channel and IQI. Taking
this into account and considering yi,k as the observation, the MMSE channel estimate can be
expressed as [17]
gˆi,i,k = Φgi,i,kyi,k
(
Φyi,kyi,k
)−1
yi,k, (7)
where Φgi,i,kyi,k is the cross-correlation matrix of the desired channel estimate and the observa-
tion, and given by
Φgi,i,kyi,k = E
{
gi,i,ky
H
i,k
}
=
√
ρTRξA,i,k
(
ξ∗A,i,k + ξ
∗
B,i,k
)
ΨA,iRi,i,kΨ
H
A,i. (8)
The auto-correlation matrix of the received signal in (6) can be expressed as
Φyi,kyi,k = E
{
yi,ky
H
i,k
}
=
L∑
l=1
ρTR
(|ξA,l,k + ξB,l,k|2ΨA,iRi,l,kΨHA,i + |ξA,l,k + ξB,l,k|2ΨB,iR∗i,l,k
×ΨHB,i
)
+ΨA,iΨ
H
A,i +ΨB,iΨ
H
B,i. (9)
Now, we substitute (8) and (9) into (7) and obtain the following expression for IQU-MMSE
estimation of the kth UT’s channel vector
gˆi,i,k =Ωi,k
(
ΨA,i
( L∑
l=1
hi,l,k
(
ξA,l,k + ξB,l,k
)
+
1√
ρTR
wˇi
)
+ΨB,i
( L∑
l=1
h∗i,l,k
(
ξ∗A,l,k + ξ
∗
B,l,k
)
+
1√
ρTR
wˇ∗i
))
, (10)
where deterministic matrix Ωi,k is given by
Ωi,k ,ξA,i,k
(
ξ∗A,i,k + ξ
∗
B,i,k
)
ΨA,iRi,i,kΨ
H
A,i
(
L∑
l=1
((|ξA,l,k + ξB,l,k|2ΨA,iRi,l,kΨHA,i
+ |ξA,l,k + ξB,l,k|2ΨB,iR∗i,l,kΨHB,i
)
+
1
ρTR
(
ΨA,iΨ
H
A,i +ΨB,iΨ
H
B,i
)))−1
. (11)
If pilot contamination is absent, (10) reduces to
gˆi,i,k =Ω
′
i,k
(
ΨA,i
(
hi,i,k
(
ξA,i,k+ξB,i,k
)
+
1√
ρTR
wˇi
)
+ΨB,i
(
h∗i,i,k
(
ξ∗A,i,k + ξ
∗
B,i,k
)
+
1√
ρTR
wˇ∗i
))
,
(12)
where the deterministic matrix Ω′i,k is equal to Ωi,k if we set L = 1 and l = i in (11).
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B. Data Detection
In this subsection, we investigate IQU-MMSE data detection. The IQU-MMSE detector adopted
here is the conventional single-cell MMSE detector. The IQU-MMSE detection vector for the
kth UT at the ith BS is given by
ui,k = gˆ
H
i,i,k
(
Gˆi,iGˆ
H
i,i +
1
ρUL
IN
)−1
, (13)
where the kth column of the estimated channel matrix Gˆi,i is gˆi,i,k and given in (10) and
(12) for the cases with and without pilot contamination, respectively. Thus, the detected signal
corresponding to the kth UT in the ith cell at the output of the IQU-MMSE detector of the ith
BS can be expressed as
dˇIQUi,k =ui,kri = ui,k
(
L∑
l=1
ΨA,i
(√
ρULHi,l (ΞA,ldl +ΞB,ld
∗
l ) + zi
)
+ΨB,i
(√
ρULH
∗
i,l
(
Ξ∗A,ld
∗
l+
Ξ∗B,ldl
)
+ z∗i
))
. (14)
C. Asymptotic Sum Rate Analysis
The performance metric considered in this paper is the ergodic sum rate, which is a commonly
used metric for performance evaluation of wireless communication systems. For the ith cell, the
ergodic sum rate is given by
R¯IQUi =
K∑
k=1
E
{
log2
(
1 + SINRIQUi,k
)}
, (15)
where the expectation is taken with respect to the channel realizations. SINRIQUi,k is the signal-
to-noise-plus-interference ratio (SINR) for the kth UT in the ith cell at the ith BS and given by
SINRIQUi,k =
SIQUi,k
I IQUi,k + Z
IQU
i,k
, (16)
where SIQUi,k , I
IQU
i,k , and Z
IQU
i,k are the useful signal power, interference power, and noise power for
the kth UT in the ith cell, respectively. In this paper, using results from random matrix theory,
first, an analytical expression for SINRIQU
◦
i,k , the asymptotic value of SINR
IQU
i,k for large numbers
of antennas N , is derived. Then, using SINRIQU
◦
i,k , the asymptotic sum rate is calculated as
RIQU
◦
i =
K∑
k=1
log2
(
1 + SINRIQU
◦
i,k
)
. (17)
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In the following Theorem, we provide an analytical expression for the asymptotic SINR of the
IQU-MMSE detector.
Theorem 1: In an uplink multi-cell massive MIMO system employing an IQU-MMSE receiver
at the BS in the presence of IQI, the asymptotic SINR corresponding to the kth UT in the ith
cell for N →∞ is given by
SINRIQU
◦
i,k =
SIQU
◦
i,k
I IQU
◦
i,k + Z
IQU◦
i,k
, (18)
where the asymptotic useful signal power, SIQU
◦
i,k , the asymptotic interference power, I
IQU◦
i,k , and
the asymptotic noise power, ZIQU
◦
i,k , are given by
SIQU
◦
i,k = lim
N→∞
SIQUi,k =
ρUL
(1 + δi,k)
2
(∣∣∣ξA,i,kλ(A)i,i,k∣∣∣2 + ∣∣∣ξ∗B,i,kλ(B)i,i,k∣∣∣2
)
(19)
I IQU
◦
i,k = lim
N→∞
I IQUi,k =
ρUL
(1 + δi,k)
2
(∣∣∣ξB,i,kλ(A)i,i,k∣∣∣2 + ∣∣∣ξ∗A,i,kλ(B)i,i,k∣∣∣2 +
K∑
q=1
L∑
l=1
(q,l)6=(k,i)
(|ξA,l,q|2 + |ξB,l,q|2)
×
(
̺
(A)
i,l,q + ̺
(B)
i,l,q
)
+
L∑
l=1
l 6=i
(|ξA,l,k|2 + |ξB,l,k|2) (λ(A)i,l,k + λ(B)i,l,k)
)
(20)
ZIQU
◦
i,k = lim
N→∞
ZIQUi,k =
1
N2 (1 + δi,k)
2
(
tr
(
Θi,i,k
(
Γ′
(A)
i,k + Γ
′(B)
i,k
)))
. (21)
Here, δi,k, λ
(A)
i,l,k, λ
(B)
i,l,k, and ̺
(A)
i,l,q are defined as
δi,k ,
1
N
tr (Θi,i,kΓi) (22)
λ
(A)
i,l,k ,
1
N
(
ξ∗A,l,k + ξ
∗
B,l,k
)
tr
(
ΨA,iRi,l,kΨ
H
A,iΩi,kΓi
) (23)
λ
(B)
i,l,k ,
1
N
(ξA,l,k + ξB,l,k) tr
(
ΨB,iR
∗
i,l,kΨ
H
B,iΩi,kΓi
) (24)
̺
(A)
i,l,q ,
1
N2
tr
(
Ri,l,qΨ
H
A,iΓ
′
i,kΨA,i
)
+
∣∣∣λ(A)i,l,q∣∣∣2 tr (Θi,i,qΓ′i,k)
N2 (1 + δi,q)
2
− 2ℜ
{
λ
(A)
i,l,qξA,l,qtr
(
Ri,l,qΨ
H
A,iΓ
′
i,kΩi,kΨA,i
)
N2 (1 + δi,q)
}
, (25)
and ̺(B)i,l,q is identical to ̺
(A)
i,l,q after replacing in (25) superscript (A) by (B) and Ri,l,q by R∗i,l,q.
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Furthermore, for the case of pilot contamination, Θi,i,k = E
{
gˆi,i,kgˆ
H
i,i,k
}
is obtained as
Θi,i,k =
L∑
l=1
(|ξA,i,k + ξB,i,k|2Ωi,kΨA,iRi,l,kΨHA,iΩHi,k + |ξA,i,k + ξB,i,k|2Ωi,kΨB,iR∗i,l,kΨHB,iΩHi,k)+
1
ρTR
(
Ωi,kΨA,iΨ
H
A,iΩ
H
i,k +Ωi,kΨB,iΨ
H
B,iΩ
H
i,k
)
, (26)
and for the case without pilot contamination, we have
Θi,i,k = |ξA,i,k + ξB,i,k|2Ω′i,kΨA,iRi,i,kΨHA,iΩ′Hi,k + |ξA,i,k + ξB,i,k|2Ω′i,kΨB,iR∗i,i,kΨHB,iΩ′Hi,k+
1
ρTR
(
Ω′i,kΨA,iΨ
H
A,iΩ
′H
i,k +Ω
′
i,kΨB,iΨ
H
B,iΩ
′H
i,k
)
. (27)
Moreover, Γi is given by T in Lemma 3 in Appendix A for ∆k = Θi,i,k/N , α = 1/(NρUL),
and B = 0N . Furthermore, Γ′i,k, Γ′
(A)
i , and Γ′
(B)
i are given by T′ in Lemma 4 in Appendix A
after setting ∆k = Θi,i,k/N and replacing C with Θi,i,k, ΨA,iΨHA,i, and ΨB,iΨHB,i, respectively.
Proof: Please refer to Appendix B.
D. Asymptotic Sum Rate Analysis for Single-Cell Case
Due to the very general setting considered in Theorem 1, the obtained analytical expression
for the asymptotic SINR of the IQU-MMSE detector is quite involved. Nevertheless, using these
analytical results for performance evaluation is still much more convenient than performing
lengthy Monte-Carlo simulations. However, to get some insight for system design, in this
subsection, we provide analytical results for the simplified single-cell case with i.i.d. channel
vectors and perfect CSI. In particular, we investigate the impact of the IQI at the BS and at the
UTs separately to determine whether the IQI at the BS or at UTs is more harmful.
Corollary 1: In an uplink single-cell massive MIMO system with i.i.d. channel vectors, perfect
CSI, and IQI only at the BS, the asymptotic SINR of the kth UT for the IQU-MMSE detector
for K,N →∞, K ≪ N , and ǫn, θn ≪ 1, is given by
SINR◦IQU−BS =
N2ρUL
(
1 +
∑N
n=1 (ǫ
2
n − 1) sin2 θn2
)2
NρULβ
∑N
n=1
(
ǫ2n +
1
4
sin2 θn
)
+
∑N
n=1
(
1 + (ǫ2n − 1) sin2 θn2
)2 , (28)
where ǫn and θn are the amplitude and phase imbalances of the RF chain of the nth antenna at
the BS.
Proof: Please refer to Appendix C.
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Remark 1: For identical IQI at all BS antenna branches, i.e., ǫn = ǫ, θn = θ, ∀n, the asymptotic
SINR of the IQU-MMSE receiver for K,N →∞, K ≪ N, and ǫn, θn ≪ 1, is given by
SINR◦IQU−BS =
NρUL
KρUL
(
ǫ2 + 1
4
θ2
)
+ 1
. (29)
Proof: Substituting ǫn = ǫ, θn = θ, ∀n into (28) and considering ǫ, θ ≪ 1 leads to (29).
Remark 1 reveals that for a fixed number of users K, the SINR increases with increasing number
of BS antennas N .
Remark 2: In the absence of IQI, the asymptotic SINR of the IQU-MMSE receiver for
K,N →∞, K ≪ N , is given by SINR◦No−IQI = NρUL, which is obtained by setting ǫ = θ = 0
in (29).
Corollary 2: The asymptotic SINR loss of an IQU-MMSE receiver due to IQI in the uplink
massive MIMO system defined in Corollary 1, and for ǫn = ǫ ≪ 1, θn = θ ≪ 1, ∀n ∈
{1, . . . , N}, is given by
lim
β→0
∆◦SINR = lim
β→0
SINR◦No−IQI
SINR◦IQU
= KρUL
(
ǫ2 +
1
4
θ2
)
+ 1. (30)
Proof: Considering (28), Remark 2, and performing simple mathematical manipulations
yields (30).
From (30), it can be seen that the SINR loss of the IQU-MMSE detector compared to the ideal
case without IQI does not vanish even in the asymptotic scenario where the number of the BS
antennas is much larger than the number of the UTs. This motivates the need for a receiver,
which mitigates both multi-user interference and IQI, cf. Section IV.
Corollary 3: In an uplink single-cell massive MIMO system with i.i.d. channel vectors, perfect
CSI, IQI only at the UTs, and equal amplitude and phase mismatches, i.e., ǫˇk = ǫˇ, θˇk = θˇ, ∀k,
the asymptotic SINR of the kth UT for the IQU-MMSE detector for K,N →∞, K ≪ N , and
ǫˇ, θˇ ≪ 1, is given by
SINR◦IQU−UT =
NρUL
NρUL
(
ǫˇ2 + 1
4
θˇ2
)
+ 1
. (31)
Proof: Please refer to appendix D.
From Corollary 3, we observe that, in an uplink massive MIMO system with IQI only at the UTs,
for N → ∞, the SINR does not increase with increasing number of BS antennas. Moreover,
by comparing (31) and (29) we conclude that assuming identical values for the amplitude and
phase imbalances at the BS and the UTs, and K ≪ N , the SINR of a massive MIMO system
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with IQI only at the BS is higher than that of a massive MIMO system with IQI only at the
UTs. Thus, if not compensated, IQI at the UTs is more harmful than IQI at the BS.
IV. I/Q IMBALANCE AWARE WLMMSE RECEIVER
In this section, the proposed IQA-WLMMSE receiver, which comprises an IQA-WLMMSE
channel estimator and an IQA-WLMMSE data detector, is presented. The IQA-WLMMSE
channel estimator and detector process the real and imaginary parts of the received signals
separately. The widely-linear filtering is necessary for mitigation of the IQI, since the real and
imaginary parts of the signals are affected differently by the IQI.
A. Channel Estimation
The proposed IQA-WLMMSE channel estimation scheme is the widely-linear extension of
the strictly-linear IQU-MMSE channel estimator introduced in Section III-A and performs joint
IQI compensation and MMSE channel estimation. Since we assume full pilot reuse, UTs in
different cells with the same UT index k use the same training sequence xk resulting in the
same augmented training sequence X˜k =

ℜ{xk} −ℑ{xk}
ℑ {xk} ℜ {xk}

 ∈ R2T×2 in the augmented
system model. In order to mitigate the interference from other UTs, the received training signal,
Y˜i, is multiplied by the augmented training sequence X˜k. Considering (2), and taking into
account the orthonormality of the pilot sequences, the training signal of the kth UT received at
the ith BS is given by
˜ˇ
Yi,k = Y˜iX˜k =
L∑
l=1
√
ρTRΨ˜iH˜i,l,kΞl,k + Ψ˜i
˜ˇ
Wi (32)
with ˜ˇWi = W˜iX˜k, where W˜i ∈ C2N×2T is the augmented AWGN matrix at the ith BS. In (32),
H˜i,l,k ∈ R2N×2 represents the augmented channel between the kth UT in the lth cell and the ith
BS and is defined as
H˜i,l,k =

ℜ{hi,l,k} −ℑ{hi,l,k}
ℑ {hi,l,k} ℜ {hi,l,k}

 = ˇ˜Ri,l,k

ℜ{νi,l,k} −ℑ{νi,l,k}
ℑ {νi,l,k} ℜ {νi,l,k}

 , (33)
where νi,l,k ∼ CN (0, IN) and ˇ˜Ri,l,k is the square root of the augmented channel covariance
matrix between the kth UT in the lth cell and the ith BS. Here, ˇ˜Ri,l,k ∈ R2N×2N is given by
ˇ˜
Ri,l,k =

ℜ{Rˇi,l,k} −ℑ{Rˇi,l,k}
ℑ{Rˇi,l,k} ℜ{Rˇi,l,k}

 . (34)
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The proposed WLMMSE channel estimator estimates the equivalent augmented channel matrix
of the kth UT, which is given by ˜˜gi,i,k = [g˜i,i,k g˜i,i,k+K] = Ψ˜iH˜i,i,kΞi,k, where Ψ˜i, H˜i,i,k, and
Ξi,k represent the IQI at the ith BS, the actual augmented channel of the kth UT, and the IQI at
the kth UT, respectively. Note that for the IQA-WLMMSE detector, both g˜i,i,k and g˜i,i,k+K are
required and are used for detection of the real and imaginary parts of the data signal, respectively,
c.f. Section IV-B. The proposed WLMMSE channel estimate is given by[
ˆ˜gi,i,k ˆ˜gi,i,k+K
]
= Φ
G˜i,i,k
˜ˇ
Yi,k
(
Φ ˜ˇ
Yi,k
˜ˇ
Yi,k
)−1 ˜ˇ
Yi,k, (35)
where Φ ˜ˇ
Yi,k
˜ˇ
Yi,k
is the auto-correlation matrix of the received training sequence ˜ˇYi,k and is given
by
Φ ˜ˇ
Yi,k
˜ˇ
Yi,k
, E
{
˜ˇ
Yi,k
˜ˇ
Y
T
i,k
}
= ρTR
L∑
l=1
Ψ˜iE
{
H˜i,l,kΞl,kΞ
T
l,kH˜
T
i,l,k
}
Ψ˜
T
i + 0.5Ψ˜iΨ˜
T
i
a.s.−−−→
N→∞
ρTR
L∑
l=1
Ψ˜iΥi,l,kΨ˜
T
i + 0.5Ψ˜iΨ˜
T
i . (36)
Here, Υi,l,k , E
{
H˜i,l,kΞl,kΞ
T
l,kH˜
T
i,l,k
}
is obtained as
Υi,l,k =
ˇ˜
Ri,l,kE
{
V˜i,l,kΞl,kΞ
T
l,kV˜
T
i,l,k
}
ˇ˜
RTi,l,k
a.s.−−−→
N→∞
0.5‖Ξl,k‖2FR˜i,l,k, (37)
where V˜i,l,k =

ℜ{ν i,l,k} −ℑ{ν i,l,k}
ℑ {ν i,l,k} ℜ {ν i,l,k}

 and the last step involved Lemma 1 and straightforward
mathematical operations. In (35), Φ
G˜i,i,k
˜ˇ
Yi,k
is the cross-correlation between the received training
sequence and the desired channel estimate, and is given by
Φ
G˜i,i,k
˜ˇ
Yi,k
, E
{
˜˜gi,i,k
˜ˇ
Y
T
i,k
}
=ρTRΨ˜iE
{
H˜i,i,kΞi,kΞ
T
i,kH˜
T
i,i,k
}
Ψ˜
T
i
a.s.−−−→
N→∞
0.5ρTR‖Ξi,k‖2FΨ˜iR˜i,i,kΨ˜
T
i .
(38)
Substituting (38) and (36) into (35) leads to the following expression for the IQA-WLMMSE
estimate of the channel between the kth UT in the lth cell and the ith BS[
ˆ˜gi,i,k ˆ˜gi,i,k+K
]
= Ω˜i,i,k
(
L∑
l=1
√
ρTRΨ˜iH˜i,l,kΞl,k + Ψ˜i
˜ˇ
Wi
)
, (39)
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where the IQA-WLMMSE channel estimator Ω˜i,i,k = ΦG˜i,i,k ˜ˇYi,k
(
Φ ˜ˇ
Yi,k
˜ˇ
Yi,k
)−1
can be expressed
as
Ω˜i,i,k = ‖Ξi,k‖2FΨ˜iR˜i,i,kΨ˜
T
i
(
L∑
l′=1
‖Ξl′,k‖2FΨ˜iR˜i,l′,kΨ˜
T
i +
1
ρTR
Ψ˜iΨ˜
T
i
)−1
. (40)
Remark 3: One of the main features of the proposed IQA-WLMMSE channel estimator is
that it does not require the explicit knowledge of the IQI at the BS and UTs; indeed, only
the equivalent channel covariance matrix and the autocorrelation matrix of the received training
signal are needed. This can be observed from (39), where the augmented channel estimate
is obtained by filtering the received training signal, i.e., the term in parenthesis, with the
IQA-WLMMSE estimator Ω˜i,i,k. The IQA-WLMMSE estimator comprises two components:
Φ
G˜i,i,k
˜ˇ
Yi,k
and Φ ˜ˇ
Yi,k
˜ˇ
Yi,k
. The first component Φ
G˜i,i,k
˜ˇ
Yi,k
, which is given in (38), can be rewritten
as ρTRE
{
˜˜gi,i,k˜˜g
T
i,i,k
}
, which is the product of the training SNR and the covariance matrix of the
augmented equivalent channel ˜˜gi,i,k, and both can be estimated using SNR estimation techniques
and channel statistics estimation techniques, respectively. The second component in the IQA-
WLMMSE channel estimator is Φ ˜ˇ
Yi,k
˜ˇ
Yi,k
, which is the autocorrelation of the received training
signal.
For the case without pilot contamination, the IQA-WLMMSE channel estimates are given in
(39) after setting L = 1 and l = l′ = i by (39) and (40).
B. Data Detection
The proposed IQA-WLMMSE data detector is the widely-linear extension of the conventional
MMSE detector considered in Section III-B, and employs the estimate of the equivalent channel,
ˆ˜
Gi,i =
[
ˆ˜gi,i,1, . . . , ˆ˜gi,i,2K
]
, which comprises the actual channel, the IQI at the BS, and the IQI
at the UT. The IQA-WLMMSE detector includes the filter vectors for the real and imaginary
parts of the signal of the kth UT at the ith BS and is given by
 u˜i,k
u˜i,k+K

 =

 ˆ˜gTi,i,k
ˆ˜gTi,i,k+K

( ˆ˜Gi,i ˆ˜GTi,i + 1ρUL I2N
)−1
, (41)
where ˆ˜gi,i,k and ˆ˜gi,i,k+K are the kth and the (k + K)th columns of the estimated augmented
channel matrix ˆ˜Gi,i, respectively, and are given in (39). Hence, the decision variable at the output
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of the IQA-WLMMSE detector at the ith BS corresponding to the kth UT can be expressed as
dˇIQAi,k =u˜i,k
(
L∑
l=1
√
ρULΨ˜iH˜i,lΞ˜ld˜l + Ψ˜iz˜i
)
+ ju˜i,k+K
(
L∑
l=1
√
ρULΨ˜iH˜i,lΞ˜ld˜l + Ψ˜iz˜i
)
. (42)
C. Asymptotic Sum Rate Analysis
The ergodic sum rate of the IQA-WLMMSE receiver is given by
R¯IQAi =
K∑
k=1
E
{
log2
(
1 + SINRIQAi,k
)}
, (43)
where the expectation is taken with respect to channel realizations. Here, SINRIQAi,k is the SINR
of the kth UT in the ith cell at the ith BS and is defined as
SINRIQAi,k =
SIQAi,k
I IQAi,k + Z
IQA
i,k
, (44)
where SIQAi,k , I
IQA
i,k , and Z
IQA
i,k are the useful signal power, interference power, and noise power
of the kth UT at the ith BS, respectively. Using again results from random matrix theory, we
will show that the asymptotic sum rate of the IQA-WLMMSE detector can be expressed as
RIQA
◦
i =
K∑
k=1
log2
(
1 + SINRIQA
◦
i,k
)
, (45)
where the asymptotic SINR expression SINRIQA
◦
i,k is provided in the following theorem. In Section
V, we show that the derived asymptotic sum rate accurately predicts the ergodic sum rate, which
is obtained through lengthy Monte-Carlo simulations.
Theorem 2: In an uplink multi-cell massive MIMO system employing an IQA-WLMMSE
receiver, for N →∞, the asymptotic SINR of the kth UT in the ith cell is given by
SINRIQA
◦
i,k =
SIQA
◦
i,k
I IQA
◦
i,k + Z
IQA◦
i,k
, (46)
where the asymptotic useful signal power, SIQA
◦
i,k , the asymptotic interference power, I
IQA◦
i,k , and
the asymptotic noise power, ZIQA
◦
i,k , are given by
SIQA
◦
i,k = lim
N→∞
SIQAi,k = 0.5ρUL

 |χ˜i,k|2(
1 + δ˜i,k
)2 + |χ˜i,k+K |2(
1 + δ˜i,k+K
)2

 (47)
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I IQA
◦
i,k = lim
N→∞
I IQAi,k = 0.5ρUL
(
L∑
l=1,l 6=i
q∈{k,k+K}
∣∣∣λ˜i,l,q∣∣∣2(
1 + δ˜i,q
)2 +
L∑
l=1
2K∑
q′=1
q′ 6=k,2k
1(
1 + δ˜i,k
)2
(
ζ˜i,l,q′ +
∣∣∣λ˜i,l,q′∣∣∣2 κ˜i,i,q′(
1 + δ˜i,k
)2
− 2ℜ
{
λ˜i,l,q′φ˜i,i,q′
1 + δ˜i,k
})
+
1(
1 + δ˜i,k+K
)2
(
ζ˜ ′i,l,q′ +
∣∣∣λ˜i,l,q′∣∣∣2 κ˜′i,i,q′(
1 + δ˜i,k+K
)2 − 2ℜ
{
λ˜i,l,q′φ˜
′
i,i,q′
1 + δ˜i,k+K
}))
(48)
ZIQA
◦
i,k = lim
N→∞
ZIQAi,k = 0.5

 tr
(
Φ˜
(1)
i,i,kΓ˜
′′′
i,q
)
4N2
(
1 + δ˜i,k
)2 + tr
(
Φ˜
(1)
i,i,k+KΓ˜
′′′
i,q
)
4N2
(
1 + δ˜i,k+K
)2

 . (49)
Here, we use χ˜i,k = tr
(
Φ˜
(2)
i,i,kΓ˜i
)
/(2N), λ˜i,l,q = tr
(
Φ˜
(2)
i,l,kΓ˜i
)
/(2N), and
Γ˜i ,

 1
2N
K∑
k=1

 Φ˜(1)i,i,k
1 + δ˜i,k
+
Φ˜
(1)
i,i,k+K
1 + δ˜i,k+K

+ 1
2NρUL
I2N


−1
, (50)
where Φ˜(1)i,i,k and Φ˜
(2)
i,i,k are defined as
Φ˜
(1)
i,i,k , Ω˜i,i,k
(
0.5
L∑
l=1
(
[Ξl,k]
2
1,1 + [Ξl,k]
2
2,1
)
Ψ˜iR˜i,l,kΨ˜
H
i +
1
2ρTR
Ψ˜iΨ˜
H
i
)
Ω˜
H
i,i,k (51)
Φ˜
(2)
i,i,k , 0.5
(
[Ξi,k]
2
1,1 + [Ξi,k]
2
2,1
)
Ω˜i,i,kΨ˜iR˜i,i,kΨ˜
H
i . (52)
Furthermore, Φ˜(1)i,i,k+K and Φ˜
(2)
i,i,k+K are obtained by replacing [Ξl,k]
2
1,1 + [Ξl,k]
2
2,1 with [Ξl,k]
2
1,2+
[Ξl,k]
2
2,2 and [Ξi,k]
2
1,1 + [Ξi,k]
2
2,1 with [Ξi,k]
2
1,2 + [Ξi,k]
2
2,2 in (51) and (52), respectively. In (50),
δ˜i,k and δ˜i,k+K are the solutions to the following fixed-point equations
δ˜i,k ,
1
2N
tr

Φ˜(1)i,i,k

 1
2N
K∑
k=1

 Φ˜(1)i,i,k
1 + δ˜i,k
+
Φ˜
(1)
i,i,k+K
1 + δ˜i,k+K

 + 1
2NρUL
I2N


−1
 (53)
δ˜i,k+K ,
1
2N
tr

Φ˜(1)i,i,k+K

 1
2N
K∑
k=1

 Φ˜(1)i,i,k
1 + δ˜i,k
+
Φ˜
(1)
i,i,k+K
1 + δ˜i,k+K

 + 1
2NρUL
I2N


−1
 . (54)
Moreover, ζ˜i,l,q, κ˜i,i,q, and φ˜i,i,q in (48) are given by tr
(
BΓ˜
′
i,q
)
/(4N2), where B is equal to
R˜i,l,q, Φ˜
(1)
i,i,k, and Ω˜i,kR˜i,l,q, respectively, and Γ˜
′
i,q is given by T′ in Lemma 4 after replacing N
by 2N and setting T = Γ˜i, C = Φ˜
(1)
i,i,k, and ∆k = Φ˜
(1)
i,i,k/(2N). Similarly, ζ˜ ′i,l,q, κ˜′i,i,q, and φ˜′i,i,q
are given by tr
(
BΓ˜
′′
i,q
)
/(4N2), where B is equal to R˜i,l,q, Φ˜
(1)
i,i,k, and Ω˜i,kR˜i,l,q, respectively,
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and Γ˜′′i,q is equal to T′ in Lemma 4 after replacing N by 2N and setting T = Γ˜i, C = Φ˜
(1)
i,i,k+K ,
and ∆k = Φ˜
(1)
i,i,k+K/(2N). Furthermore, Γ˜
′′′
i,q in (49) is equal to T′ in Lemma 4 after replacing N
by 2N and setting T = Γ˜i, C = Ψ˜i, and ∆k = Φ˜
(1)
i,i,k/(2N). We note that if pilot contamination
is not present, l and L in (51) are set to i and 1, respectively, and Ω˜i,i,k is obtained from (40)
after setting l′ = i and L = 1.
Proof: Please refer to Appendix E.
D. Asymptotic Sum Rate Analysis for the Single-Cell Case
Although the provided asymptotic sum rate expression is easy to evaluate numerically, since
Theorem 2 considers a very general case, it does not offer much insight for system design.
Hence, in order to get some insight regarding the influence of IQI on the performance of uplink
massive MIMO systems employing the IQA-WLMMSE receiver, similar to the analysis for the
conventional IQU-MMSE receiver, we consider the simpler single-cell case with perfect CSI,
and i.i.d. channels for all UTs. In particular, in order to investigate the influence of the IQI on the
performance, the cases with IQI present only at the BS and only at UTs are analyzed separately
and their asymptotic SINRs and the corresponding improvements compared to the conventional
IQU-MMSE receivers are evaluated in the following Corollaries.
Corollary 4: In an uplink single-cell massive MIMO system with i.i.d. channel vectors, perfect
CSI, and IQI only at the BS, the asymptotic SINR of the kth UT for the proposed IQA-WLMMSE
receiver for K,N →∞, K ≪ N , and ǫn, θn ≪ 1, is given by
SINRIQA−BS
◦
k =
NρUL
(
1 + 1
N
∑N
n=1 ǫ
2
n
)2
1 + 1
N
∑N
n=1
((
6− 2 sin2 θn
)
ǫ2n + sin
2 θn
) , (55)
where ǫn and θn are the amplitude and phase imbalances of the RF chain of the nth antenna at
the BS.
Proof: Please refer to Appendix F.
Remark 4: For the system described in Corollary 4 and identical IQI at all BS antenna
branches, i.e., ǫn = ǫ, θn = θ, ∀n, the asymptotic SINR is given by
SINRIQA−BS
◦
k =
NρUL (1 + ǫ
2)
2
1 +
(
6− 2 sin2 θ) ǫ2 + sin2 θ . (56)
Substituting ǫ = θ = 0 into (56) leads to SINRIQA◦k = NρUL for an ideal system without IQI.
From (56), we observe that with increasing number of BS antennas, the sum rate of the proposed
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IQA-WLMMSE receiver increases too. In particular, it can be shown that for ǫn, θn ≪ 1, which
is valid for typical IQI values, the asymptotic SINR in (56) is smaller than but very close to
NρUL, i.e., the sum rate of the ideal system without IQI. In addition, comparing the SINR of the
IQA-WLMMSE receiver with IQI present only at the BS given in (56) and the corresponding
SINR of the conventional IQU-MMSE receiver given in (29), the following asymptotic SINR
loss can be obtained
lim
β→0
∆◦SINR−BS = lim
β→0
SINRIQA−BS
◦
k
SINRIQU−BS
◦
k
=
(1 + ǫ2)
2 (
KρUL
(
ǫ2 + 1
4
θ2
)
+ 1
)
1 +
(
6− 2 sin2 θ) ǫ2 + sin2 θ . (57)
From (57), it can be observed that for systems with IQI only at the BS, the SINR loss increases
with increasing SNR and increasing number of UTs.
Corollary 5: In an uplink single-cell massive MIMO system with i.i.d. channel vectors, perfect
CSI, IQI only at the UTs, and equal amplitude and phase mismatches, i.e., ǫˇk = ǫˇ, θˇk = θˇ, ∀k,
the asymptotic SINR of the kth UT for the proposed IQA-WLMMSE receiver for K,N →
∞, K ≪ N , and ǫˇ, θˇ≪ 1, is given by
SINRIQA−UT
◦
k =
NρUL
(
1 + 2ǫˇ2
(
1− 2 cos2 θˇ))
2 (1 + ǫˇ2)
((
NρUL (1 + 2ǫˇ)
1 +NρUL (1 + 2ǫˇ)
)2
+
(
NρUL (1− 2ǫˇ)
1 +NρUL (1− 2ǫˇ)
)2)
.
(58)
Proof: Please refer to appendix G.
Substituting typical values for ǫˇ and θˇ into (58), it can be observed that similar to the system with
IQI only at the BS, the asymptotic sum rate of the system with IQI only at the UTs increases
with increasing number of BS antennas, and is smaller than but almost identical to the sum
rate of an ideal system without IQI for ǫˇ, θˇ ≪ 1 and ρUL ≫ 1. Moreover, considering (58) and
(31), we obtain the following asymptotic SINR loss of the conventional IQU-MMSE receiver
compared to the IQA-WLMMSE receiver in a system, where the IQI is only present at the UTs
lim
β→0
SINRIQA−UT
◦
k
SINRIQU−UT
◦
k
=
NρUL
(
ǫˇ2 + 1
4
θˇ2
)
2 (1 + ǫˇ2)
((
NρUL (1 + 2ǫˇ)
1 +NρUL (1 + 2ǫˇ)
)2
+
(
NρUL (1− 2ǫˇ)
1 +NρUL (1− 2ǫˇ)
)2)
.
(59)
From (59), we observe that, if IQI is present only at the UTs, the SINR loss of the conventional
IQU-MMSE receiver compared to the IQA-WLMMSE receiver increases with increasing number
of BS antennas, N . Substituting typical values for ǫˇ and θˇ, it can also be observed that the SINR
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loss of the conventional IQU-MMSE receiver compared to IQA-WLMMSE receiver in systems
with IQI only at the UTs is slightly larger than the corresponding loss in systems, where the
IQI is present only at the BS. We validate this observation in Section V for multi-cell systems
and more general settings.
V. NUMERICAL RESULTS
In order to evaluate the performance of the proposed IQA-WLMMSE receiver and to validate
our analytical results, Monte-Carlo simulations have been performed. Here, we assume a system
consisting of seven hexagonal cells with a normalized cell radius of one. Without loss of
generality, we further assume that the central cell is the target cell. In each cell, there is a BS in
the cell center and there are K UTs, which are uniformly distributed on a circle with a radius
of 2/3. The channel model used here comprises path-loss, antenna correlation, and Rayleigh
fading. Moreover, we assume that the BS employs a uniform linear array (ULA) and adopt the
ULA channel correlation model used in [18]. In particular, we have Rˇi,l,k = c−3/2i,l,k [B 0N×(N−M)],
where ci,l,k is the distance between the kth UT in the lth cell and the ith BS, and 0N×(N−M) and
M are an N × (N −M) all-zero matrix and the number of dimensions of the antenna’s physical
model, respectively. We adopt B = [b (φ1) , . . . ,b (φM)], where the steering vector b (φm) is
defined as b (φm)=
[
1, . . . , e−2pijγ(N−1) sin(φm)/λ
]T
/
√
M with φm = −π/2+ (m− 1) π/M being
the mth angle of arrival (AoA), and γ and λ being the antenna spacing and the wavelength,
respectively [18].
In Fig. 1, the ergodic sum rates of the IQA-WLMMSE receiver, the IQU-MMSE receiver,
the MMSE receiver in the absence of IQI, and the MMSE receiver in an ideal system with
perfect CSI are depicted. Here, we assume ρUL = 15 dB and ρTR = 10 dB, and we further
assume that the IQI is present at both the BS and the UTs. Moreover, except for the perfect
CSI case, full pilot contamination is assumed. The number of UTs is set to K = 10 and the
amplitude and phase mismatches at the UTs and the different antenna branches of the BSs are
randomly and uniformly distributed in the range of 0.15 ≤ ǫˇl,k, ǫi,n ≤ 0.2, 1◦ ≤ θˇl,k, θi,n ≤
2◦, ∀k ∈ {1, · · · , K} , i ∈ {1, · · · , N} , l ∈ {1, · · · , L}, respectively. As can be observed from
Fig. 1, even small amplitude and phase mismatches lead to a high sum rate loss of the IQU-
MMSE receiver compared to the ideal system without IQI. As expected from the analysis of the
simplified single-cell channel model in Section III-D, the rate loss associated with IQI does not
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Fig. 1. Sum rate vs. number of BS antennas N for K = 10, ρUL = 15 dB, ρTR = 10 dB, and pilot contamination
with IQI present at the BSs and UTs.
vanish even if the number of BS antennas is much larger than the number of UTs. For example,
for N = 80, the rate loss of the IQU-MMSE receiver compared to the system without IQI
is approximately 60%. Furthermore, as expected from the analysis of the simplified single-cell
channel model in Section IV-D, the proposed IQA-WLMMSE receiver achieves a substantially
higher sum rate than the IQU-MMSE receiver and closely approaches the sum rate of the MMSE
receiver in an ideal system without IQI. In Fig. 1, we also present analytical results for the
asymptotic sum rates of the IQU-MMSE receiver and the IQA-WLMMSE receiver given in (17)
and (45), respectively. For large N , a perfect match between analytical and simulation results
is observed for all receivers. Nevertheless, even for small numbers of BS antennas, the match
between asymptotic and simulation results is good.
In Fig. 2, we investigate whether IQI at the UTs or IQI at the BSs is more harmful. To do so,
we compare the sum rate performance of systems with IQI only at the BS (BS-IQI), IQI only
at the UTs (UT-IQI), and IQI at both BSs and UTs (BSUT-IQI). For clarity of presentations,
only analytical results are shown in Fig. 2. However, all results were verified by simulations.
Here, we consider a system without pilot contamination but with channel estimation errors, and
ρUL = 15 dB and ρTR = 10 dB. The amplitude and phase mismatches are generated in the same
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Fig. 2. Sum rate vs. number of BS antennas N for K = 10, ρUL = 15 dB, ρTR = 10 dB, and no pilot contamination.
manner as for Fig. 1. From Fig. 2, we observe that if the IQU-MMSE receiver is employed,
the system with IQI at both UTs and BSs yields the lowest sum rate, as expected. Furthermore,
the system with IQI only at the BSs achieves a higher sum rate than the system with IQI only
at the UTs. We note that this effect could also be observed in Section III-D, where analytical
expressions for the asymptotic SINRs in the simplified single-cell system were derived. In fact,
the sum rate of the system with IQI both at the BSs and the UTs approaches the sum rate of
the system with IQI only the UTs for large numbers of BS antennas. A similar behavior can be
observed for the sum rate performance of the IQA-WLMMSE receiver. Again, the system with
IQI only at the BSs achieves the highest sum rate followed by the system with IQI only at the
UTs and the system with IQI both at the UTs and the BSs. We note that this behavior supports
the results in [10], where the authors claim that in the asymptotic regime, where the number of
BS antennas is very large, H/W imperfections at the UTs are more harmful than those at the
BS.
In Fig. 3, the influence of the amplitude mismatch ǫ on the sum rate of the conventional IQU-
MMSE and the proposed IQA-WLMMSE receivers is investigated. For convenience, we assume
that all UTs and BS antenna branches have the same phase and amplitude mismatches, i.e.,
ǫˇl,k = ǫi,n = ǫ, θˇl,k = θi,n = θ = 2
◦, ∀k ∈ {1, · · · , K} , i ∈ {1, · · · , N} , l ∈ {1, · · · , L}. The
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Fig. 3. Sum rate vs. ǫ for N = 100, K = 10, ρUL = 15 dB, ρTR = 10 dB, and pilot contamination.
0 2 4 6 8 10 12 14 16 18 2040
50
60
70
80
90
100
110
120
130
Su
m
 R
at
e 
[bi
ts/
s/H
z]
 
 
MMSE, no IQI, perfect CSI (Sim)
IQA−WLMMSE (Sim)
IQA−WLMMSE (Asy)
IQU−MMSE (Sim)
IQU−MMSE (Asy)
PSfrag replacements
Θ [degree]
Fig. 4. Sum rate vs. θ for N = 100, K = 10, ρUL = 15 dB, ρTR = 10 dB, and pilot contamination.
number of BS antennas and the number of UTs are set to N = 100 and K = 10, respectively.
Moreover, we assume full pilot contamination and we further assume that the transmit data and
training SNRs are ρUL = 15 dB and ρTR = 10 dB, respectively. From Fig. 3, it can be seen that
the sum rate of the IQU-MMSE receiver rapidly decreases with increasing amplitude mismatch
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ǫ. The proposed IQA-WLMMSE receiver performs significantly better than the IQU-MMSE
receiver and its performance loss compared to the ideal system without IQI is small even for
large amplitude mismatches.
The impact of phase mismatch on the sum rate performance is depicted in Fig. 4. The same
simulation parameters as for Fig. 3 are adopted. However, now the amplitude mismatch at all
UTs and BS antenna branches is set to ǫ = 0.02, and the performance is evaluated for different
values of phase mismatch θ. Similar to Fig. 3, it can be observed that the sum rate of the
IQU-MMSE receiver decreases rapidly with increasing mismatch. Moreover, the proposed IQA-
WLMMSE receiver has a substantially higher performance than the IQU-MMSE receiver and
its performance loss compared to the ideal system without IQI is negligible even for large phase
mismatches.
VI. CONCLUSION
We have proposed an IQA-WLMMSE receiver for uplink multi-cell massive MIMO systems
suffering from IQI at both the BS and the UTs. In the considered system, CSI acquisition and
data detection are affected by IQI, pilot contamination, and multi-cell interference. The proposed
receiver comprises a channel estimator and a data detector and processes the real and imaginary
parts of the received signal separately. Our simulation and analytical results show that, if left
unattended, IQI causes severe performance losses even if the number of BS antennas is much
larger than the number of UTs. The proposed IQA-WLMMSE receiver yields a substantially
higher sum rate than the IQU-MMSE receiver and approaches the performance of the MMSE
receiver in an ideal system without IQI. Furthermore, we observed that for the conventional
IQU-MMSE receiver, IQI at the UTs is more harmful than IQI at the BS. We validated our
simulation results by providing analytical expressions for the asymptotic sum rate using tools
from random matrix theory.
APPENDIX A - SOME USEFUL LEMMAS
Lemma 1 ( [19, Theorem 7]): Let p,q ∈ CN×1 have mutually independent, i.i.d. zero-mean
unit variance Gaussian distributed elements and A ∈ CN×N be a Hermitian matrix with bounded
spectral norm, whose elements are independent of p and q. Then,
1
N
qHAq
a.s.−−−→
N→∞
1
N
tr (A) (60)
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1
N
pHAq
a.s.−−−→
N→∞
0. (61)
Lemma 2 ( [20, Rank-1 Perturbation Lemma]): Let A ∈ CN×N , q ∈ CN×1, and B ∈ CN×N
be a Hermitian nonnegative definite matrix. Moreover, let α and α′ be positive real numbers.
Then, ∣∣∣tr(A (B+ αIN)−1 −A (B+ α′qqH + αIN)−1)∣∣∣ ≤ ‖A‖
α
. (62)
Lemma 3 ( [21, Theorem 1]): Let A ∈ CN×N and B ∈ CN×N be Hermitian nonnegative
definite and G ∈ CN×K have random column vectors gk ∼ CN (0,∆k). Moreover, A, B, and
∆k, ∀k = 1, . . . , K, have bounded spectral norms. Then, for positive α,
1
N
tr
(
A
(
GGH +B+ αIN
)−1) a.s.−−−→
N→∞
1
N
tr (AT) , (63)
where T is given by
T =
(
1
N
K∑
k=1
∆k
1 + δk
+B+ αIN
)−1
, (64)
with δk being the solution to the fixed-point equation
δk =
1
N
tr

∆k
(
1
N
K∑
j=1
∆j
1 + δj
+B+ αIN
)−1 . (65)
Lemma 4 ( [21]): Let A ∈ CN×N , B ∈ CN×N , and G ∈ CN×K be defined as in Lemma 3.
Then, for Hermitian nonnegative definite C ∈ CN×N with bounded spectral norm,
1
N
tr
(
A
(
GGH +B+ αIN
)−1
C
(
GGH +B+ αIN
)−1) a.s.−−−→
N→∞
1
N
tr (AT′) , (66)
where T′ is defined as
T′ = TCT+
1
N
T
K∑
k=1
∆kδ
′
k
(1 + δk)
2T, (67)
where T and δk are given by (64) and (65), respectively and δ′ = [δ′1, . . . , δ′K ]T = (IK −Y)−1 x,
where the elements of Y ∈ CK×K and x ∈ CK×1 are given by
[Y]k,q =
1
N
tr (∆kT∆qT)
N (1 + δq)
2 and [x]k =
1
N
tr (∆kTCT) . (68)
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APPENDIX B - PROOF OF THEOREM 1
According to (14), for the IQU-MMSE receiver, the useful signal of the kth UT received at
the ith BS can be expressed as
dˆi,k =
(√
ρULξA,i,kgˆ
H
i,i,k
(
Gˆi,iGˆ
H
i,i +
1
ρUL
IN
)−1
ΨA,ihi,i,k +
√
ρULξ
∗
B,i,kgˆ
H
i,i,k
(
Gˆi,iGˆ
H
i,i +
1
ρUL
IN
)−1
×ΨB,ih∗i,i,k
)
di,k. (69)
Thus, in the large system limit for N →∞, the useful signal power of the kth UT received at
the ith BS converges to
SIQU
◦
i,k = lim
N→∞
ρUL
(∣∣∣ξA,i,kgˆHi,i,k
N
(Gˆi,iGˆHi,i
N
+
1
NρUL
IN
)−1
ΨA,ihi,i,k
∣∣∣2 + ∣∣∣ξ∗B,i,kgˆHi,i,k
N
(Gˆi,iGˆHi,i
N
+
1
NρUL
IN
)−1
ΨB,ih
∗
i,i,k
∣∣∣2). (70)
Applying the matrix inversion lemma [22], Lemmas 1, 2, and 3, the first term on the right hand
side of (70) can be rewritten as∣∣∣∣ξA,i,kgˆ
H
i,i,k
N
(Gˆi,iGˆHi,i
N
+
1
NρUL
IN
)−1
ΨA,ihi,i,k
∣∣∣∣
2
=
∣∣∣∣
ξA,i,kgˆ
H
i,i,k
N
Λi,k
−1ΨA,ihi,i,k
1 + 1
N
gˆHi,i,kΛi,k
−1gˆi,i,k
∣∣∣∣
2
a.s.−−−→
N→∞
∣∣∣∣ξA,i,kλ
(A)
i,i,k
1 + δi,k
∣∣∣∣
2
,
(71)
where Λi,k is defined as
Λi,k ,
1
N
Gˆi,iGˆ
H
i,i −
1
N
gˆi,i,kgˆ
H
i,i,k +
1
NρUL
IN , (72)
δi,k is given in (22), and λ(A)i,i,k is given in (23) for l = i. Similarly, the second term on the right
hand side of (70) can be expressed as∣∣∣∣∣ 1N ξ∗B,i,kgˆHi,i,k
(
1
N
Gˆi,iGˆ
H
i,i +
1
NρUL
IN
)−1
ΨB,ih
∗
i,i,k
∣∣∣∣∣
2
a.s.−−−→
N→∞
∣∣∣∣∣ξ
∗
B,i,kλ
(B)
i,i,k
1 + δi,k
∣∣∣∣∣
2
, (73)
where λ(B)i,i,k is given in (24) for l = i. Next, we derive an analytical expression for the asymptotic
value of the interference power for N → ∞. According to (14), the interference part of the
received signal of the kth UT at the ith BS is given by
√
ρUL
L∑
l=1
K∑
q=1
(l,q)6=(i,k)
(
ξA,lqgˆ
H
i,i,k
N
(
Gˆi,iGˆ
H
i,i
N
+
1
NρUL
IN
)−1
ΨA,ihi,l,q+
ξ∗B,l,qgˆ
H
i,i,k
N
(
Gˆi,iGˆ
H
i,i
N
+
1
NρUL
IN
)−1
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×ΨB,ih∗i,l,q
)
dl,q+
√
ρUL
L∑
l=1
K∑
q=1
(
ξB,l,qgˆ
H
i,i,k
N
(
Gˆi,iGˆ
H
i,i
N
+
1
NρUL
IN
)−1
ΨA,ihi,l,q +
ξ∗A,l,qgˆ
H
i,i,k
N
×
(
Gˆi,iGˆ
H
i,i
N
+
1
NρUL
IN
)−1
ΨB,ih
∗
i,l,q
)
d∗l,q. (74)
In the asymptotic regime, when N →∞, the interference power in (74) converges to
I IQU
◦
i,k = lim
N→∞
ρUL
L∑
l=1
K∑
q=1
(l,q)6=(i,k)
(∣∣∣ξA,l,qgˆHi,i,k
N
(Gˆi,iGˆHi,i
N
+
IN
NρUL
)−1
ΨA,ihi,l,q
∣∣∣2+∣∣∣ξ∗B,l,qgˆHi,i,k
N
(Gˆi,iGˆHi,i
N
+
IN
NρUL
)−1
ΨB,ih
∗
i,l,q
∣∣∣2+∣∣∣ξB,l,qgˆHi,i,k
N
(Gˆi,iGˆHi,i
N
+
IN
NρUL
)−1
ΨA,ihi,l,q
∣∣∣2+∣∣∣ξ∗A,l,qgˆHi,i,k
N
(Gˆi,iGˆHi,i
N
+
IN
NρUL
)−1
ΨB,ih
∗
i,l,q
∣∣∣2
)
+ρUL
(∣∣∣ξB,i,kgˆHi,i,k
N
(Gˆi,iGˆHi,i
N
+
IN
NρUL
)−1
ΨA,ihi,i,k
∣∣∣2+∣∣∣ξ∗A,i,kgˆHi,i,k
N
× (Gˆi,iGˆHi,i
N
+
IN
NρUL
)−1
ΨB,ih
∗
i,i,k
∣∣∣2). (75)
The first term on the right hand side of (75) can be rewritten as [18]
L∑
l=1
K∑
q=1
(l,q)6=(i,k)
∣∣∣ξA,l,qgˆHi,i,k
N
(Gˆi,iGˆHi,i
N
+
IN
NρUL
)−1
ΨA,ihi,l,q
∣∣∣2= L∑
l=1
l 6=i
∣∣∣ξA,l,kgˆHi,i,k
N
(Gˆi,iGˆHi,i
N
+
IN
NρUL
)−1
ΨA,ihi,l,k
∣∣∣2
+
L∑
l=1
K∑
q=1
q 6=k
∣∣∣ξA,l,qgˆHi,i,k
N
(Gˆi,iGˆHi,i
N
+
IN
NρUL
)−1
ΨA,ihi,l,q
∣∣∣2. (76)
Applying the matrix inversion Lemma [22] and Lemmas 1, 2, and 3 yields
ξA,l,kgˆ
H
i,i,k
N
(Gˆi,iGˆHi,i
N
+
IN
NρUL
)−1
ΨA,ihi,l,k
a.s.−−−→
N→∞
ξA,l,k
(
ξ∗A,l,k + ξ
∗
B,l,k
)
tr
(
ΨA,iRi,l,kΨ
H
A,iΩi,kΓi
)
N (1 + δi,k)
=
ξA,l,kλ
(A)
i,l,k
1 + δi,k
, (77)
where δi,k and λ(A)i,l,k are given in (22) and (23), respectively. On the other hand, for the second
term on the right hand side of (76), we define Θi,i,k , E
{
gˆi,i,kgˆ
H
i,i,k
}
, apply the matrix inversion
Lemma [22] and Lemmas 1, 2, 3, and 4, and obtain [18]∣∣∣∣∣∣
1
N
ξA,l,qgˆ
H
i,i,k

Gˆi,iGˆHi,i
N
+
IN
NρUL


−1
ΨA,ihi,l,q
∣∣∣∣∣∣
2
=
|ξA,l,q|2 hHi,l,qΨHA,iΛ−1i,kΘi,i,kΛ−1i,kΨA,ihi,l,q
N2
(
1 + 1
N
gˆHi,i,kΛ
−1
i,k gˆi,i,k
)2 =
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|ξA,l,q|2
(1 + δi,k)
2
(
hHi,l,qΨ
H
A,iΛ
−1
i,k,qΘi,i,kΛ
−1
i,k,qΨA,ihi,l,q
N2
+
∣∣hHi,l,qΨHA,iΛ−1i,k,qgˆi,i,q∣∣2 gˆHi,i,qΛ−1i,k,qΘi,i,kΛ−1i,k,qgˆi,i,q
N4 (1 + δi,q)
2
− 2ℜ
{(
gˆ
H
i,i,qΛ
−1
i,k,qΨA,ihi,l,q
) (
hHi,l,qΨ
H
A,iΛ
−1
i,k,qΘi,i,kΛ
−1
i,k,qgˆi,i,q
)
N3 (1 + δi,q)
})
a.s.−−−→
N→∞
|ξA,l,q|2
(1 + δi,k)
2
(
ζ
(A)
i,l,q+
∣∣∣λ(A)i,l,q∣∣∣2 κi,i,q
(1 + δi,q)
2 − 2ℜ
{
λ
(A)
i,l,qφ
(A)
i,i,q
1 + δi,q
})
=
|ξA,l,q|2 ̺(A)i,l,q
(1 + δi,k)
2 , (78)
where ̺(A)i,l,q is given in (25) and Λi,k,q is defined as
Λi,k,q =
1
N
Gˆi,iGˆ
H
i,i −
1
N
gˆi,i,kgˆ
H
i,i,k −
1
N
gˆi,i,qgˆ
H
i,i,q +
1
NρUL
IN , (79)
and δi,q and λ(A)i,l,q are obtained by replacing k with q in (22) and (23), respectively. In (78), ζ (A)i,l,q,
κi,i,q, and φ(A)i,i,q are defined as
1
N2
hHi,l,qΨ
H
A,iΛ
−1
i,k,qΘi,i,kΛ
−1
i,k,qΨA,ihi,l,q
a.s.−−−→
N→∞
1
N2
tr
(
Ri,l,qΨ
H
A,iΓ
′
i,kΨA,i
)
, ζ
(A)
i,l,q (80)
1
N2
gˆHi,i,qΛ
−1
i,k,qΘi,i,kΛ
−1
i,k,qgˆi,i,q
a.s.−−−→
N→∞
1
N2
tr
(
Θi,i,qΓ
′
i,k
)
, κi,i,q (81)
1
N2
hHi,l,qΨ
H
A,iΛ
−1
i,k,qΘi,i,kΛ
−1
i,k,qgˆi,i,q
a.s.−−−→
N→∞
ξA,l,q
N2
tr
(
Ri,l,qΨ
H
A,iΓ
′
i,kΩi,kΨA,i
)
, φ
(A)
i,i,q, (82)
where Γ′i,k is given by T′ in Lemma 4 with A, B, T, C, and ∆k being set to Ωi,kΨA,iRi,l,qΨHA,i,
0, Γi, Θi,i,k, and Θi,i,k/N , respectively, where 0 is an all-zero N × N matrix. Considering
(76)-(82), and performing similar mathematical operations for the remaining terms in (75), we
obtain the expression in (20) for the interference power of the kth UT received at the ith BS.
Furthermore, applying the matrix inversion lemma [22], the asymptotic noise power at the output
of the IQU-MMSE detector corresponding to the kth UT in the ith cell is obtained as
ZIQU
◦
i,k = lim
N→∞
gˆHi,i,kΛ
−1
i,kΨA,iΨ
H
A,iΛ
−1
i,k gˆi,i,k
N2
(
1 + 1
N
gˆHi,i,kΛ
−1
i,k gˆi,i,k
)2 + gˆ
H
i,i,kΛ
−1
i,kΨB,iΨ
H
B,iΛ
−1
i,k gˆi,i,k
N2
(
1 + 1
N
gˆHi,i,kΛ
−1
i,k gˆi,i,k
)2 . (83)
Then applying Lemmas 1-4, the asymptotic expression for the noise power at the output of the
IQU-MMSE detector in (21) is obtained from (83). This completes the proof.
APPENDIX C - PROOF OF COROLLARY 1
Applying the matrix inversion lemma [22], and Lemmas 1, 2, and 3, the useful signal power
of the kth UT for IQU-MMSE detector in a single-cell uplink massive MIMO system with i.i.d.
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channels, IQI only at the BS and perfect CSI (i.e., with gˆi,i,k = ΨAhi,i,k) is obtained as
SIQU
◦
i,k = lim
N→∞
ρUL
∣∣∣ 1
N
hHi,i,kΨ
H
AΛ
−1
i ΨAhi,i,k
∣∣∣2 = lim
N→∞
ρUL
∣∣∣ 1NhHi,i,kΨHAΛ−1i,kΨAhi,i,k∣∣∣2(
1 + 1
N
hHi,i,kΨ
H
AΛ
−1
i,kΨAhi,i,k
)2 = ρULδ2(1 + δ)2 ,
where Λi , 1NGi,iG
H
i,i +
1
NρUL
IN , Λi,k , Λi − 1N gi,i,kgHi,i,k, and δ is defined as
δ = lim
N→∞
1
N
hHi,i,kΨ
H
AΛ
−1
i,kΨAhi,i,k = lim
N→∞
1
N
tr
(
ΨAΨ
H
AΓ
)
, (84)
and Γ is given by
Γ =
(
βΨAΨ
H
A
1 + δ
+
1
NρUL
IN
)−1
. (85)
Assuming β ≪ 1, δ ≫ 1, and applying Taylor series expansion, (85) can be rewritten as
Γ ≈ NρUL
(
IN − NρULβΨAΨ
H
A
1 + δ
)
. (86)
Substituting (84) into (86) and considering β ≪ 1 and δ ≫ 1, the following quadratic equation
is obtained
δ2 + (1−NρULµ) δ +
(
N2ρ2ULβµ
′ −NρULµ
)
= 0, (87)
where µ = tr
(
ΨAΨ
H
A
)
/N and µ′ = tr
((
ΨAΨ
H
A
)2)
/N . Solving (87) and assuming β → 0
leads to
δ =
NρUL
2
(
µ+
√
µ2 + 4βµ′
)
−−→
β→0
NρULµ. (88)
Now, substituting (88) into (86) and considering β ≪ 1 yields
Γ −−→
β→0
NρULIN . (89)
Furthermore, the interference power of the kth UT in the considered single-cell uplink massive
MIMO system can be expressed as
I IQU
◦
i,k =
K∑
q=1,q 6=k
ρUL
∣∣∣ 1
N
hHi,i,kΨ
H
AΛ
−1
i ΨAhi,i,q
∣∣∣2 + K∑
q=1
ρUL
∣∣∣ 1
N
hHi,i,kΨ
H
AΛ
−1
i ΨBh
∗
i,i,q
∣∣∣2. (90)
Using the matrix inversion lemma [22], and Lemmas 1, 2, and 3, the first term on the right hand
side of (90) can be expressed as
K∑
q=1,q 6=k
ρUL
∣∣∣ 1
N
hHi,i,kΨ
H
AΛ
−1
i ΨAhi,i,q
∣∣∣2 = K∑
q=1,q 6=k
1
N2
ρULh
H
i,i,kΨ
H
AΛ
−1
i ΨAhi,i,qh
H
i,i,qΨ
H
AΛ
−1
i ΨAhi,i,k
a.s.−−−→
N→∞
βρULδ
′
(1 + δ)4
. (91)
DRAFT 30
Here, δ′ is given by
δ′ =
1
N
tr
(
ΨAΨ
H
AΛ
−1
i ΨAΨ
H
AΛ
−1
i
)
=
1
N
tr
((
ΨAΨ
H
AΓ
)2)
1− β
(1+δ)2
1
N
tr
((
ΨAΨ
H
AΓ
)2) −−→β→0 µ′N2ρ2UL, (92)
where we used Lemma 4 and (89). Following a similar procedure, and considering δ ≫ 1, the
second term on the right hand side of (90) can be approximated as
K∑
q=1
ρUL
∣∣∣ 1
N
hHi,i,kΨ
H
AΛ
−1
i ΨBh
∗
i,i,q
∣∣∣2 = K∑
q=1
1
N2
ρULh
T
i,i,qΨ
H
BΛ
−1
i,qΨAhi,i,kh
H
i,i,kΨ
H
AΛ
−1
i,qΨBh
∗
i,i,q
a.s.−−−→
N→∞
βρULδ
′′
(1 + δ)2
, (93)
where δ′′ is given by
δ′′ = lim
N→∞
1
N
tr
(
ΨAΨ
H
AΛ
−1
i,qΨBΨ
H
BΛ
−1
i,q
)
=
1
N
tr
((
ΨAΨ
H
AΓΨBΨ
H
BΓ
))
1− β
(1+δ)2
1
N
tr
((
ΨAΨ
H
AΓ
)2) −−→β→0 µ′′N2ρ2UL,
(94)
with µ′′ = tr
(
ΨAΨ
H
AΨBΨ
H
B
)
/N and we used Lemma 4 and (89). Moreover, considering (14)
for L = 1, perfect CSI, and no IQI at the UTs, applying the matrix inversion lemma [22] and
Lemmas 1, 2, and 3, the received noise power corresponding to the kth UT is given by
ZIQU
◦
k
a.s.−−−→
N→∞
δ′ + δ′′
N (1 + δ)2
. (95)
Furthermore, considering the definition of ΨA and ΨB in Section II-A, ǫi,n, θi,n ≪ 1, and
performing simple algebraic operations yields µ = 1 +
∑N
n=1 (ǫ
2
n − 1) sin2 θn2 , µ′ =
∑N
n=1
(
1 +(
ǫ2n − 1
)
sin2 θn
2
)2
/N , µ′′ =
∑N
n=1
(
1
4 sin
2 θ +ǫ2n
)
/N . This completes the proof.
APPENDIX D - PROOF OF COROLLARY 3
Applying the matrix inversion lemma [22], and Lemmas 1, 2, and 3, the useful signal power
of the kth UT for the IQU-MMSE detector in a single-cell uplink massive MIMO system with
i.i.d. channels, IQI only at the UT, and perfect CSI (i.e., with gˆi,i,k = ξAhi,i,k) is obtained as
SIQU
◦
i,k = lim
N→∞
ρUL
∣∣∣ 1
N
hHi,i,kξ
∗
AΛ
−1
i ξAhi,i,k
∣∣∣2 = lim
N→∞
ρUL
∣∣∣ 1NhHi,i,kξ∗AΛ−1i,k ξAhi,i,k∣∣∣2(
1 + 1
N
hHi,i,kξ
∗
AΛ
−1
i,k ξAhi,i,k
)2 = ρULδ2(1 + δ)2 ,
(96)
where Λi , 1NGi,iG
H
i,i +
1
NρUL
IN , Λi,k , Λi − 1N gi,i,kgHi,i,k and δ is defined as
δ = lim
N→∞
1
N
hHi,i,kξ
∗
AΛ
−1
i ξAhi,i,k = lim
N→∞
∣∣ξA∣∣2
N
tr (Γ) , (97)
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and Γ is given by
Γ =
(
β
∣∣ξA∣∣2
1 + δ
+
1
NρUL
)−1
IN . (98)
Applying similar techniques as in the proof of Corollary 1, we obtain
δ −−→
β→0
∣∣ξA∣∣2NρUL, (99)
Γ −−→
β→0
NρULIN . (100)
Furthermore, the interference power of the kth UT in the considered single-cell uplink massive
MIMO system can be expressed as
I IQU
◦
i,k =
K∑
q=1,q 6=k
ρUL
∣∣∣ 1
N
hHi,i,kξ
∗
AΛ
−1
i ξAhi,i,q
∣∣∣2 + K∑
q=1
ρUL
∣∣∣ 1
N
hHi,i,kξ
∗
AΛ
−1
i ξBh
∗
i,i,q
∣∣∣2. (101)
Using the matrix inversion lemma [22] and Lemmas 1, 2, and 3, the first term on the right hand
side of (101) can be expressed as
K∑
q=1,q 6=k
ρUL
∣∣∣ 1
N
hHi,i,kξ
∗
AΛ
−1
i ξAhi,i,q
∣∣∣2 = K∑
q=1,q 6=k
1
N2
ρULh
H
i,i,kξ
∗
AΛ
−1
i ξAhi,i,qh
H
i,i,qξ
∗
AΛ
−1
i ξAhi,i,k
a.s.−−−→
N→∞
βρULδ
′
(1 + δ)4
. (102)
Here, δ′ is given by
δ′ =
1
N
tr
(∣∣ξA∣∣4Λ−2i ) =
1
N
tr
(∣∣ξA∣∣4Γ2)
1− β
(1+δ)2
1
N
tr
(∣∣ξA∣∣4Γ2) −−→β→0
∣∣ξA∣∣4N2ρ2UL, (103)
where we used Lemma 4 and (100). Following a similar procedure, and considering δ ≫ 1, the
second term on the right hand side of (101) can be approximated as
K∑
q=1
ρUL
∣∣∣ 1
N
hHi,i,kξ
∗
AΛ
−1
i ξBh
∗
i,i,q
∣∣∣2 = K∑
q=1,q 6=k
1
N2
ρULh
T
i,i,qξ
∗
BΛ
−1
i ξAhi,i,kh
H
i,i,kξ
∗
AΛ
−1
i ξBh
∗
i,i,q
+ ρUL
∣∣∣ 1
N
hHi,i,kξ
∗
AΛ
−1
i ξBh
∗
i,i,k
∣∣∣2 a.s.−−−→
N→∞
ρULδ
2
(1 + δ)2
∣∣∣∣ξBξA
∣∣∣∣
2
. (104)
Moreover, considering (14) for L = 1, perfect CSI, and no IQI at the BS and applying the matrix
inversion lemma [22] and Lemmas 1, 2, and 3, the received noise power of the kth UT is given
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by
ZIQU
◦
k =
∣∣∣∣ 1N hHi,i,kξ∗AΛ−1i zi
∣∣∣∣
2
a.s.−−−→
N→∞
|ξA|2
N (1 + δ)2
1
N
tr
(
Λ−2i
) a.s.−−−→
N→∞
ρ2UL |ξA|2
N (1 + δ)2
≈ 1
N |ξA|2
.
(105)
Considering (96) (101), (102) (104), (105), and performing straightforward algebraic simplifica-
tions yields (31). This completes the proof.
APPENDIX E - PROOF OF THEOREM 2
According to (42), for the IQA-WLMMSE detector, the useful signal power corresponding to
the kth UT in the ith cell is given by
SIQAi,k =0.5ρUL
(∣∣∣∣∣
ˆ˜gTi,i,k
2N
( ˆ˜
Gi,i
ˆ˜
GTi,i
2N
+
1
2NρUL
I2N
)−1
g˜i,i,k
∣∣∣∣∣
2
+
∣∣∣∣∣
ˆ˜gTi,i,k+K
2N
( ˆ˜
Gi,i
ˆ˜
GTi,i
2N
+
1
2NρUL
I2N
)−1
× g˜i,i,k+K
∣∣∣∣∣
2)
, (106)
where the first and second terms on the right hand side represent the power of the real and
imaginary parts of the useful signal, respectively. Applying the matrix inversion lemma [22], we
obtain the following expression for the first term on the right hand side of (106)∣∣∣∣∣∣
ˆ˜gTi,i,k
2N

 ˆ˜Gi,i ˆ˜GTi,i
2N
+
1
2NρUL
I2N


−1
g˜i,i,k
∣∣∣∣∣∣
2
=
∣∣∣∣∣
1
2N
ˆ˜gTi,i,kΛ˜
−1
i,k g˜i,i,k
1 + 1
2N
ˆ˜gTi,i,kΛ˜
−1
i,k
ˆ˜gi,i,k
∣∣∣∣∣
2
, (107)
where Λ˜i,k is given by
Λ˜i,k =
1
2N
ˆ˜
Gi,i
ˆ˜
GTi,i −
1
2N
ˆ˜gi,i,kˆ˜g
T
i,i,k +
1
2NρUL
I2N . (108)
Considering (39) and applying Lemmas 1, 2, and 3 yields∣∣∣∣∣
1
2N
ˆ˜gTi,i,kΛ˜
−1
i,k g˜i,i,k
1 + 1
2N
ˆ˜gTi,i,kΛ˜
−1
i,k
ˆ˜gi,i,k
∣∣∣∣∣
2
a.s.−−−→
N→∞
|χ˜i,k|2(
1 + δ˜i,k
)2 , (109)
where χ˜i,k and δ˜i,k are defined as
δ˜i,k ,
1
2N
tr
(
Φ˜
(1)
i,i,kΓ˜i
)
= lim
N→∞
1
2N
ˆ˜gTi,i,kΛ˜
−1
i,i,k
ˆ˜gi,i,k (110)
χ˜i,k ,
1
2N
tr
(
Φ˜
(2)
i,i,kΓ˜i
)
= lim
N→∞
1
2N
ˆ˜gTi,i,kΛ˜
−1
i,i,kg˜i,i,k. (111)
DRAFT 33
Moreover, Φ˜
(1)
i,i,k and Φ˜
(2)
i,l,k are given by
Φ˜
(1)
i,i,k = Ω˜i,i,k
(
0.5
L∑
l=1
(
[Ξl,k]
2
1,1 + [Ξl,k]
2
2,1
)
Ψ˜iR˜i,l,kΨ˜
T
i +
1
2ρTR
Ψ˜iΨ˜
T
i
)
Ω˜
T
i,i,k (112)
Φ˜
(2)
i,l,k = 0.5
(
[Ξl,k]
2
1,1 + [Ξl,k]
2
2,1
)
Ω˜i,l,kΨ˜iR˜i,l,kΨ˜
T
i , (113)
and Γ˜i is determined as
Γ˜i =

 1
2N
K∑
k=1

 Φ˜(1)i,i,k
1 + δ˜i,k
+
Φ˜
(1)
i,i,k+K
1 + δ˜i,k+K

+ 1
2NρUL
I2N


−1
, (114)
where Φ˜(1)i,i,k+K is defined as
Φ˜
(1)
i,i,k+K = Ω˜i,i,k
(
0.5
L∑
l=1
(
[Ξl,k]
2
1,2 + [Ξl,k]
2
2,2
)
Ψ˜iR˜i,l,kΨ˜
T
i +
1
2ρTR
Ψ˜iΨ˜
T
i
)
Ω˜
T
i,i,k, (115)
and δ˜i,k and δ˜i,k+K are the solutions to the following fixed-point equations
δ˜i,k =
1
2N
tr

Φ˜(1)i,i,k

 1
2N
K∑
q=1

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+
Φ˜
(1)
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
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

−1
 (116)
δ˜i,k+K =
1
2N
tr

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
 1
2N
K∑
q=1

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+
Φ˜
(1)
i,i,q+K
1 + δ˜i,q+K

 + 1
2NρUL
I2N


−1
 . (117)
Similarly, the second term on the right hand side of (106) can be expressed as∣∣∣∣∣ 12N ˆ˜gTi,i,k+K
(
1
2N
ˆ˜
Gi,i
ˆ˜
GTi,i +
1
2NρUL
I2N
)−1
g˜i,i,k+K
∣∣∣∣∣
2
=
∣∣∣∣∣
1
2N
ˆ˜gTi,i,k+KΛ˜
−1
i,i,k+Kg˜i,i,k+K
1 + 1
2N
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−1
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2
a.s.−−−→
N→∞
|χ˜i,k+K |2(
1 + δ˜i,k+K
)2 , (118)
where δ˜i,k+K is given in (117) and χ˜i,k+K is defined as
χ˜i,k+K =
1
2N
tr
(
Φ˜
(2)
i,i,k+KΓ˜i
)
(119)
with
Φ˜
(2)
i,i,k+K = 0.5
(
[Ξl,k]
2
1,2 + [Ξl,k]
2
2,2
)
Ω˜i,i,kΨ˜iR˜i,i,kΨ˜
T
i . (120)
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Considering (106), (109), and (118) the asymptotic useful signal power can be expressed as
SIQA
◦
i,k = lim
N→∞
SIQAi,k = 0.5ρUL

 |χ˜i,k|2(
1 + δ˜i,k
)2 + |χ˜i,k+K|2(
1 + δ˜i,k+K
)2

 . (121)
According to (42), the interference power of the signal corresponding to the kth UT observed
at the output of the IQA-WLMMSE detector of the ith BS is given by
I IQAik =
0.5ρUL
4N2
L∑
l=1
K∑
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)
, (122)
where Λ˜i = 12N
ˆ˜
Gi,i
ˆ˜
GTi,i +
1
2NρUL
I2N . The first term on the right hand side of (122) can be
reformulated as
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Applying the matrix inversion lemma [22], Lemmas 1-3, and considering (110) yields
1
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where λ˜i,l,k is defined as
λ˜i,l,k ,
1
2N
tr
(
Φ˜
(2)
i,l,kΓi
)
, (125)
and Φ˜(2)i,l,k is given by (113). On the other hand, for the second term on the right hand side of
(123), using matrix the inversion lemma [22] and Lemmas 1-3 yields [18]∣∣∣∣ 12N ˆ˜gTi,i,kΛ˜−1i g˜i,l,q
∣∣∣∣
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−1
i,k,qg˜i,l,q
)(
1
4N2
g˜Ti,l,qΛ˜
−1
i,k,qΦ˜
(1)
i,i,kΛ˜
−1
i,k,q
ˆ˜gi,i,q
)
(
1 + δ˜i,q
)


)
a.s.−−−→
N→∞
1(
1 + δ˜i,k
)2
(
ζ˜i,l,q+
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∣∣∣λ˜i,l,q∣∣∣2 κ˜i,i,q(
1 + δ˜i,k
)2 − 2ℜ
{
λ˜i,l,qφ˜i,i,q
1 + δ˜i,k
})
=
˜̺i,l,q(
1 + δ˜i,k
)2 , (126)
where Λ˜i,k,q = 12N
ˆ˜
Gi,i
ˆ˜
GTi,i− 12N ˆ˜gi,i,kˆ˜gTi,i,k− 12N ˆ˜gi,i,qˆ˜gTi,i,q+ 12NρUL I2N , and δ˜i,q and λ˜i,l,q are obtained
by replacing k with q in (116) and (125), respectively. Moreover, ζ˜i,l,q, κ˜i,i,q, and φ˜i,i,q are defined
as
1
4N2
g˜Ti,l,qΛ˜
−1
i,k,qΦ˜
(1)
i,i,kΛ˜
−1
i,k,qg˜i,l,q
a.s.−−−→
N→∞
1
4N2
tr
(
R˜i,l,qΓ˜
′
i,k
)
= ζ˜i,l,q (127)
1
4N2
ˆ˜gTi,i,qΛ˜
−1
i,k,qΦ˜
(1)
i,i,kΛ˜
−1
i,k,q
ˆ˜gi,i,q
a.s.−−−→
N→∞
1
4N2
tr
(
Φ˜
(1)
i,i,kΓ˜
′
i,k
)
= κ˜i,i,q (128)
1
4N2
g˜Ti,l,qΛ˜
−1
i,k,qΦ˜
(1)
i,i,kΛ˜
−1
i,k,q
ˆ˜gi,i,q
a.s.−−−→
N→∞
1
4N2
tr
(
R˜i,l,qΓ˜
′
i,kΩ˜i,k
)
= φ˜i,i,q, (129)
where Γ˜′i,k is given by T′ in Lemma 4 with N being replaced by 2N and T, C, and ∆k
being equal to Γ˜i, Φ˜
(1)
i,i,k, and Φ˜
(1)
i,i,k/(2N), respectively. Performing a similar procedure for the
other terms in (123), the interference power as given in (48) is obtained. Next, we derive the
asymptotic value of the noise power for the IQA-WLMMSE detector. According to (42), the
noise power corresponding to the kth UT in the ith cell at the output of the IQA-WLMMSE
detector is given by
ZIQAi,k =
∣∣∣∣ 12N ˆ˜gTi,i,kΛ˜−1i Ψ˜iz˜i
∣∣∣∣
2
+
∣∣∣∣ 12N ˆ˜gTi,i,k+KΛ˜−1i Ψ˜iz˜i
∣∣∣∣
2
. (130)
Applying the
ZIQAi,k =
0.5ˆ˜gTi,i,kΛ˜
−1
i,k Ψ˜iΨ˜
T
i Λ˜
−1
i,k
ˆ˜gi,i,k
4N2
(
1 + 1
2N
ˆ˜gTi,i,kΛ˜
−1
i,k
ˆ˜gi,i,k
)2 + 0.5ˆ˜gTi,i,k+KΛ˜
−1
i,k+KΨ˜iΨ˜
T
i Λ˜
−1
i,k+K
ˆ˜gi,i,k+K
4N2
(
1 + 1
2N
ˆ˜gTi,i,k+KΛ˜
−1
i,k+K
ˆ˜gi,i,k+K
)2 . (131)
Finally, applying Lemmas 1, 2, and 3 to (131) leads to (49). This completes the proof.
APPENDIX F - PROOF OF COROLLARY 4
Applying the matrix inversion lemma [22], and Lemmas 1-3 in (106), the asymptotic power
of the useful signal of the kth UT in a single-cell uplink massive MIMO system with perfect
CSI and IQI only at the BS is given by
SIQA
◦
i,k =
0.5ρUL
∣∣∣g˜Ti,i,kΛ˜−1i,k g˜i,i,k∣∣∣2
4N2
(
1 + 1
2N
g˜Ti,i,kΛ˜
−1
i,k g˜i,i,k
)2 + 0.5ρUL
∣∣∣g˜Ti,i,k+KΛ˜−1i,k+K g˜i,i,k+K∣∣∣2
4N2
(
1 + 1
2N
g˜Ti,i,k+KΛ˜
−1
i,k+Kg˜i,i,k+K
)2 = ρULδ˜2(
1 + δ˜
)2 ,
(132)
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where
δ˜ =
1
2N
tr
(
Ψ˜Ψ˜
T
Γ˜
)
, (133)
and Γ˜ is given by
Γ˜ =
(
βΨ˜Ψ˜
T
1 + δ˜
+
1
2NρUL
I2N
)−1
. (134)
Assuming β ≪ 1, δ˜ ≫ 1, and applying Taylor series expansion, (134) can be rewritten as
Γ˜ ≈ 2NρUL
(
I2N − 2NρULβΨ˜Ψ˜
T
1 + δ˜
)
. (135)
Substituting (133) into (135) and considering β ≪ 1, the following quadratic equation is obtained
δ˜2 + (1− 2NρULµ˜) δ˜ +
(
4N2ρ2ULβ ˇ˜µ− 2NρULµ˜
)
= 0, (136)
where µ˜ = tr
(
Ψ˜Ψ˜
T
)
/(2N) and ˇ˜µ = tr
((
Ψ˜Ψ˜
T
)2)
/(2N). Solving (136) and applying further
straightforward simplifications leads to
δ˜ =
2NρUL
2
(
µ˜+
√
µ˜2 + 4β ˇ˜µ
)
−−→
β→0
2NρULµ˜. (137)
Substituting (137) into (135) and considering β ≪ 1 yields
Γ˜ = 2NρULI2N . (138)
Now, we evaluate the interference power of the kth UT in the considered single-cell uplink
massive MIMO system, which can be expressed as
I IQA
◦
i,k =
2K∑
q=1,q 6=k
0.5ρUL
4N2
(∣∣∣g˜Ti,i,kΛ˜−1i g˜i,i,q∣∣∣2+∣∣∣g˜Ti,i,k+KΛ˜−1i g˜i,i,q∣∣∣2
)
=
ρUL
8N2
2K∑
q=1,q 6=k
g˜Ti,i,kΛ˜
−1
i g˜i,i,qg˜
T
i,i,qΛ˜
−1
i g˜i,i,k
+
ρUL
8N2
2K∑
q=1,q 6=k
g˜Ti,i,k+KΛ˜
−1
i g˜i,i,qg˜
T
i,i,qΛ˜
−1
i g˜i,i,k+K
a.s.−−−→
N→∞
ρULβδ˜
′(
1 + δ˜
)4 , (139)
where we applied the matrix inversion lemma [22] and Lemmas 1 and 2. Here, δ˜′ is given by
δ˜′ =
1
2N
tr
(
Ψ˜Ψ˜
T
Λ˜
−1
i Ψ˜Ψ˜
T
Λ˜
−1
i
)
=
1
2N
tr
((
Ψ˜Ψ˜
T
Γ˜
)2)
1− β
(1+δ˜)
2
1
2N
tr
((
Ψ˜Ψ˜
T
Γ˜
)2) , (140)
where we used Lemma 3. Assuming β ≪ 1 leads to
δ˜′ = 4N2ρ2 ˇ˜µ. (141)
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Moreover, the received noise power corresponding to the kth UT is given by
ZIQA
◦
i,k =
∣∣∣ 1
2N
g˜Ti,i,kΛ˜
−1
i Ψ˜z˜i
∣∣∣2 + ∣∣∣ 1
2N
g˜Ti,i,k+KΛ˜
−1
i Ψ˜z˜i
∣∣∣2 = 1
4N2
g˜Ti,i,kΛ˜
−1
i Ψ˜z˜iz˜
T
i Ψ˜
T
Λ˜
−1
i g˜i,i,k+
1
4N2
g˜Ti,i,k+KΛ˜
−1
i Ψ˜z˜iz˜
T
i Ψ˜
T
Λ˜
−1
i g˜i,i,k+K
a.s.−−−→
N→∞
δ˜′
N
(
1 + δ˜
)2 , (142)
where we applied the matrix inversion lemma [22] and Lemmas 1-4. Now, combining (132),
(139), (142), and δ˜ ≫ 1 yields
SINRIQA
◦
i,k =
Nρ2ULµ˜
4
β ˇ˜µN + ρUL ˇ˜µµ˜2
. (143)
Next, we derive closed-form expressions for µ˜ = tr
(
Ψ˜Ψ˜
T
)
/2N and ˇ˜µ = tr
(
Ψ˜Ψ˜
T
)2
/2N .
It can be easily shown that ΠΠT = I2N . Considering this and using (3), we obtain µ˜ =∑N
n=1‖An‖2F/2N = 1 + 1N
∑N
n=1 ǫ
2
n. Similarly, ˇ˜µ is obtained as ˇ˜µ = 12N
∑N
n=1 (1 + ǫn)
4 +
(1− ǫn)4+2 (1− ǫ2n)2 sin2 θn. Using ǫn ≪ 1 and performing simple algebraic operations yields
ˇ˜µ = 1 + 1
2N
∑N
n=1
(
12− 4 sin2 θn
)
ǫ2n + 2 sin
2 θn. This completes the proof.
APPENDIX G - PROOF OF COROLLARY 5
From (106), the matrix inversion lemma [22], and Lemmas 1-3, we obtain the asymptotic
power of the useful signal of the kth UT in a single-cell uplink massive MIMO system with
perfect CSI and IQI only at the UT as
SIQA
◦
i,k =
ρUL
∣∣∣ 12N g˜Ti,i,kΛ˜−1i,k g˜i,i,k∣∣∣2
2
(
1 + 1
2N
g˜Ti,i,kΛ˜
−1
i,k g˜i,i,k
)2 + ρUL
∣∣∣ 12N g˜Ti,i,k+KΛ˜−1i,k+Kg˜i,i,k+K∣∣∣2
2
(
1 + 1
2N
g˜Ti,i,k+KΛ˜
−1
i,k+K g˜i,i,k+K
)2 a.s.−−−→N→∞ ρULδ˜
2
k
2
(
1 + δ˜k
)2
+
ρULδ˜
2
k+K
2
(
1 + δ˜k+K
)2 , (144)
where
δ˜k =
[Ξi,k]
2
1,1 + [Ξi,k]
2
2,1
4N
tr
(
Γ˜
)
, (145)
δ˜k+K =
[Ξi,k]
2
1,2 + [Ξi,k]
2
2,2
4N
tr
(
Γ˜
)
. (146)
Applying similar techniques as in the proof of Corollary 4, we obtain
δ˜k −−→
β→0
NρUL
(
[Ξi,k]
2
1,1 + [Ξi,k]
2
2,1
)
, (147)
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δ˜k+K −−→
β→0
NρUL
(
[Ξi,k]
2
1,2 + [Ξi,k]
2
2,2
)
, (148)
Γ˜ −−→
β→0
2NρULI2N . (149)
Substituting (147) and (148) into (144) yields
SIQA
◦
i,k =0.5ρUL



 N
(
[Ξi,k]
2
1,1+[Ξi,k]
2
2,1
)
ρUL
1+N
(
[Ξi,k]
2
1,1+[Ξi,k]
2
2,1
)
ρUL


2
+

 N
(
[Ξi,k]
2
1,2+[Ξi,k]
2
2,2
)
ρUL
1 +N
(
[Ξi,k]
2
1,2+[Ξi,k]
2
2,2
)
ρUL


2

 .
(150)
Performing straightforward algebraic manipulations leads to
SIQA
◦
i,k = 0.5ρUL
((
NρUL (1 + 2ǫˇ)
1 +NρUL (1 + 2ǫˇ)
)2
+
(
NρUL (1− 2ǫˇ)
1 +NρUL (1− 2ǫˇ)
)2)
. (151)
Applying similar techniques as in the proof of Corollary 4, the asymptotic interference power
of the kth UT in the considered single-cell uplink massive MIMO system can be expressed as
I IQA
◦
i,k =
2K∑
q=1,q 6=k
ρUL
8N2
(∣∣∣g˜Ti,i,kΛ˜−1i g˜i,i,q∣∣∣2+∣∣∣g˜Ti,i,k+KΛ˜−1i g˜i,i,q∣∣∣2
)
= ρUL
2K∑
q=1,q 6=k
g˜Ti,i,kΛ˜
−1
i,k g˜i,i,qg˜
T
i,i,qΛ˜
−1
i,k g˜i,i,k
8N2
(
1 + δ˜k
)2
+ ρUL
2K∑
q=1,q 6=k
g˜Ti,i,k+KΛ˜
−1
i,k+K g˜i,i,qg˜
T
i,i,qΛ˜
−1
i,k+Kg˜i,i,k+K
8N2
(
1 + δ˜k+K
)2 a.s.−−−→N→∞ βρUL(1 + δ˜k)(1 + δ˜k+K)
+
βρUL
2
(
1 + δ˜k
)2 + βρUL
2
(
1 + δ˜k+K
)2 . (152)
Similar to the proof of Corollary 4, the asymptotic noise power of the kth UT can be written
as
ZIQA
◦
i,k =
∣∣∣ 1
2N
g˜Ti,i,kΛ˜
−1
i z˜i
∣∣∣2 + ∣∣∣ 1
2N
g˜Ti,i,k+KΛ˜
−1
i z˜i
∣∣∣2 = g˜Ti,i,kΛ˜−1i,k z˜iz˜Ti Λ˜−1i,k g˜i,i,k
4N2
(
1 + δ˜k
)2 +
g˜Ti,i,k+KΛ˜
−1
i,k z˜iz˜
T
i Λ˜
−1
i,k g˜i,i,k+K
4N2
(
1 + δ˜k+K
)2 a.s.−−−→N→∞
(
[Ξi,k]
2
1,1 + [Ξi,k]
2
2,1
)
tr
(
Γ˜
2
i
)
16N2
(
1 + δ˜k
)2 +
(
[Ξi,k]
2
1,2 + [Ξi,k]
2
2,2
)
tr
(
Γ˜
2
i
)
16N2
(
1 + δ˜k+K
)2
a.s.−−−→
N→∞
1
2N
(
[Ξi,k]
2
1,1 + [Ξi,k]
2
2,1
) + 1
2N
(
[Ξi,k]
2
1,2 + [Ξi,k]
2
2,2
) . (153)
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Observing (152) and (153) and considering β ≪ 1 and δ˜k, δ˜k+K ≫ 1 the interference power
vanishes and the only remaining disturbance is the noise power. Taking this into account and
performing straightforward algebraic operations leads to (58). This completes the proof.
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